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=] 1. Initialization

[ restart

. 1 1 1
anasg =r(t).r =r 0.1 =r (O.v, = r(t), Vre:ﬁ r(t), vrh =1t ry(1), g =a(t), x=x(t),y =y(1),

_ _T _T X8
z=27(t), v, = it x(t), vy— it y(t), v, = it z(t)E

=l a utility procedureto convert a vector equation into component
equations

mat2egs := proc(Megn::equation)

local k, eqlist, Mleft, Mright;
Mleft := evam(lhs(Megn));
Mright := evam(rhs(Megn));
eqlist:=[ I;
for kto rows(Mleft) do eqlist := [ op(eqglist), Mleft[ k, 1] = Mright[k, 1]] od;
eval(eqlist)

L end

2. Two-Body M otion Definitions and Derivations

2.1. angular momentum
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éh u
e xu
&h i
ey u= mat(cross([x, y, z], [vX,v ,vZ]))
gh U g
h_d
€ zU
ghod &Y Vv
€ "~ u é u
eéh u-€zv - xv_u
€ yH € X ZH
gh u g(v -yv i
L € zU ey xu
[hvec:z%
h =4/ dot(rhs( hvec), rhs( hvec))

— 2+ 2+ 2
= (yvz- zvy) (zvx-xvz) (xvy-yvx)

[ For elliptical motion, we have

Ch=a/l a(1- &)

[hesub:z%

wherel =G (m1 + m2). For hyperbolic motion,

Ch=a/l a(e?- 1)

" | hhsub:= %
=l 2.2. radius

Elllptlcal

‘a(l-e) )
l+ecos(q)

resub ;= %

Hyperbolic:

e

B a(e - 1)
- 1l+ecos(q)
[rhsub =%

XH g:os(V\/)cos(W+q) sin(\/\/)sin(w+q)cos(i)ﬂ

8y ld—r?n(W) cos(w + q) + cos(W) sin(w + q) cos(l)u
Lezu e sin(w+q) sin(i)

mat2eqs( rvec)

[x=r (cos(W) cos(w +q) - sin(W) sin(w +q) cos(i)),
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i y=r (sin(W) cos(w + q) + cos(W) sin(w+q) cos(i)),z=r sin(w+q) sin(i)]
[reqs::%

=] 2.3. velocity
ﬂ radial velocity — elliptical motion

1 resub
qt

o o ©
a(1- &) esin(q) g ooz

Vv =
i ' (1+ecos(q))?

h
sub a[ﬂ—q:—,%
r2

—
Q-H-I-O:

L _a- ?) esin(q) h
r

: (1+ecos(q))”r”
Ihs(%) = subs(resub, rhs(%))
esin(q) h
V=
! a(l- e2)
subs( hesub, %)

, _esin(@)+/1 a(1- )

' a(l- e2)

L [ vresub ;= %

ﬂ radial velocity — hyperbolic motion
1rhsub
it

: & 0
a(-1+e2) esin(q) gﬁqg

vV =
: " (1+ecox)’

h
sub a[ﬂ—q:—,%
r2

—
Q-H-I-O:

- a(-1+€)esin(q) h

(1+ecos(q))2 r2
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Ihs(%) = subs(rhsub, rhs(%))
_esin(g)h

' a(-1+ e2)
subs( hhsub, %)

_esin(@)4/1 a(-1+ &)

L a(-1+e2)
L [vrhsub::%
ﬂ velocity vector
map( diff, Ihs(rvec), t) = map(diff, evalm(rhs(rvec)), t)
ev u
€ X u
€ " u
gvy H:
§v. U
€ zu
évr(coqvvmos(ww) Sin(W) sin(w + ) cos())

+rg-cos(vv>sn<w+q)§q— sm<w)cos<w+q)%‘?ﬁtq;cos(u)g

(sin(W) cos(w + q) + cos(W) sin(w + q) cos(i))

CD(?fD

r

IIO

U
Y
gu

+r g sin(W) sin(w +q) g—q +COS(VV) cos(w +q) ?ﬁqzcoso)
gvr sin(w+q)sin(i) +r cos(w+q) gﬂqgsin(i)ﬁ

®e & .
CoIIectg%, gsm(l),r v, ﬁqlﬂ_

(DD
< << ><<
1]

N
" coccccces

g(' cos(W) sin(w + q) - sin(W) cos(w + q) cos(i)) aé"_qgf
é g‘ﬂt %]

+ v, (cos(W) cos(w +q) - sin(W) sin(w +q) COS(i))E

§ L s i &0
€(- sSin(W) sin(w + ) + cos(W) cos(w OI)COS(I))g.”thjr
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sub

>
x

>

(DMXDYDIDIDIDID
COoCCCCCCo
I

>
N <

(DAMHDDDIDDD

h
ﬂ_q:r_210/0

L [WECZ

=l 2.4. angular momentum revisited

+ v, (sin(W) cos(w + q) + cos(W) sin(w + Q) cos(i))ﬁ

ge RN I e N
ggvrsm(w q) +r cos(w q)gﬂtqfsn(l)ﬁ

1%)%]

t

Q-H--O:

(DD
< << ><<
1]

N
—~ CCCCCCCC

z

-cos(W) sin(w+q) - sin(W) cos(w+q) cos(i)) h

r

DMPID

+vr (cos(W) cos(w +q) - sin(W) sin(w+q) cos(i))ﬁ
(-sin(W) sin(w + q) + cos(W) cos(w + q) cos(i)) h

r

é
e
€

+ vr (sin(W) cos(w + q) + cos(W) sin(w + q) cos(i))%

ee . N +cos(w+q)h9_ u
ggvrsm(w q) —r BSIH(I)H

=%

[ The angular momentumish=r xv. Hence,

>
X

>
o o e e wnld
1

>
N <

ér (sin(W) cos(w +q) + cog(W) sin(w + q) cos(i)) glr sin(w+q) +

mat( cross( convert( evam(rhs(rvec)), vector ), convert(rhs(vwec), vector)))

cos(w+qQ) hg

2

-sin(W) sin(w + q) + cos(W) cos(w + @) cos(i)) h

$n(i) - rsin(w-+ ) sn(i) g

r
+vr (sin(W) cos(w + q) + cos(W) sin(w + q) cos(i))%ﬁ
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-cos(W) sin(w+q) - sin(W) cos(w+ q) cos(i)) h

é . A
grsm(w+q)sm(|)g "

+vr (cos(W) cos(w +q) - sin(W) sin(w +q) cos(i))%- r

z

oM CsC

r (cos(W) cos(w +q) - sin(W) sin(w+q) cos(i))gae
(- sin(W) sin(w + q) + cos(W) cos(w + ) cos(i)) h

r

+vr (sin(W) cos(w + q) + cos(W) sin(w + q) cos(i))%- r

(sin(W) co(w + q) + cos(W) sin(w + g) cos(i)) %e
(- cos(W) sin(w + q) - sin(W) co(w +q) cos(i)) h

r

+vr (cos(W) cos(w +q) - sin(W) sin(w +q) cos(i))%ﬁ

I Ihs( %) = factormat(map( collect, rhs(%), [T, Vr’ h, cos(i)], simplify))

éh l:l ;. . . ~
g X4 gsm(VV)sm(l)H
€h, U=n& sin(i) cos(W)y

Y u g AN
&Eh y € cog(i) U
€ zU

L [ hvec_elmnts := %

=] 2.5. visvivaintegral

mat2eqs( vwec)

gv _ (-cos(W) sin(w +q) - sin(W) cos(w +q) cos(i)) h
€ X r

+vr (cos(W) cos(w +q) - sin(W) sin(w +q) cos(i)), vy:
(- sin(W) sin(w + g) + cos(W) cos(w +q) cos(i)) h

r

+vr (sin(W) cos(w + q) + cos(W) sin(w + q) cos(i)),

- . +cos(w+q)h9_ u
vy st )+ S s
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@veqs::%

2 _ addérh 2 1=1.32
vV = grs(veqsk), =1..3%

&g - cos(W) sin(w + q) - sin(W) cos(w +q) cos(i)) h

2_
R r
. : (R e
* v, (cos(W) cos(w +q) - Sin(W) sin(w +q) cos(i)) = +§
(- sin(W) sin(w + q) + cos(W) co(w + q) cos(i)) h

r

*+ v, (sin(W) cos(w + @) + cos(W) sin(w + q) COS(i))%2

+§/rsin(w+q)+wg2 n(|)

collect( %, [Vr]’ simplify)

[ v2eq =%
H elliptical motion

simplify(subs(vresub, resub, hesub, v2eq))

2 I (e2+1+2ecos(q))
vV =-

a(-1+e2)

subs(isolate( resub, cos(q)), %)

a(-1+e2)
collect(%, [ , r], simplify)

2

e 1
i

L [ v2esub := %
ﬂ hyperbolic motion

( simplify(subs( vrhsub, rhsub, hhsub, v2eq))
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2 I(e2+1+2ecos(q))
vV =

a(-1+ e2)
subs(isolate(rhsub, cos(q)), %)

| gz a(-1+¢°)
2

Q-H--I-O:

e -1+2
.

a(-1+e2)

collect(%, [1, r], simplify)

L L [thsub::%
=] 2.6. Laplace vector

I
The Laplace-Runge-L enz vector (a constant of two-body motion) is A= cross(v, h) - magz 0
| Recdll
rvec
hvec_elmnts
vvec
ng g:os(\/\/)cos(w+q) sn(\/\/)sn(w+q)cos(|)u
gyHzr?n(\/\/)cos(w+q)+cos(VV)sm(w+q)cos(|)u
ezu e sin(w+q) sin(i) u
éh u
g x4 gsm(W)sm(l) u
g hy =g sin(i) cos(W)y
&Eh § € ocogi) U
€ zu
ev u
€ xu
€ " u
gvy H:
gv U
€ zu
é(- cos(W) sin(w +q) - sin(W) cos(w + q) cos(i)) h
8 r
+v, (cog(W) cos(w +q) - sin(W) sin(w +q) COS(i))E
e(-sin(W) sin(w + q) + cos(W) cos(w + q) cos(i)) h
e
€ r
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*+V, (sin(W) cos(w + @) + cos(W) sin(w +q) COS(i))LgJ

ée N +cos(w+q)h9_ u
ggvrsm(w q) —r E’sm(l)H

[—
I
3
(@)
D

coccococcos

= cross( convert( evam(rhs(wec)), vector ), convert( evalm(rhs(hvec_elmnts)), vector))

(DMDDDDDD
> > P

N

aahs(rvec) 0
, vectorg

- | convert
L r

Collect(evam(%), [I , h, Vr]' simplify)

' Ihs(%) = mat(rhs(%))

(D@ODDDDD

> > P

coccococoo
1]

N

e
§(-COS(W) cos(w+q) +sin(W) sin(w +q) cog(i)) |

. {cos(W) cos(w + ) - Sin(W) sin(w + q) cos(i)) h°

r

0
+ (Sin(W) cos(w+ ) cos(i) + cos(W) Sin(w+ 1)) v. hﬁ

(- sin(W) cos(w +q) - cos(W) sin(w + q) cog(i)) |

(DD

. (sin(W) cos(w + ) + cos(W) sin(w + q) cos(i)) h?

r

u
+ (sin(W) sin(w+ q) - cos(W) cos(w + q) cos(i)) vr hﬁ

é . 2 u
h
§-I sin(w+q)sin(i) + sm(w+q: sin(h) - sin(i) cos(w + q)vr hé

( Collect( subs(vresub, resub, hesub, %), | )
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DMODDDDO

> PP

coccccooy
1

N

[ (- cos(W) cos(w + q) + sin(W) sin(w + q) cos(i)

+ (cos(W) cog(w +q) - sin(W) sin(w +q) cog(i)) (1 +ecos(q))

+ (sin(W) cos(w + q) cos(i) + cos(W) sin(w+q)) esin(q)) | ]

[(-sin(W) cos(w +q) - cos(W) sin(w + q) cos(i)

+ (sin(W) cos(w + q) + cos(W) sin(w + @) cog(i)) (1 +ecos(q))

+(sin(W) sin(w + q) - cos(W) cos(w +q) co(i)) esin(q)) | ]
[(-sin(w+q) sin(i) +sin(w+q) sin(i) (1+ecos(q)) - sin(i) cos(w+q) esin(q)) | ]

factormat(Collect(%, [1 , e, sin(q), cos(q)], factor))

D@D
> > P
cococoooo
I
®

N

[ (cos(W) cos(w + q) - sin(W) sin(w + q) cos(i)) cos(q)
+ (sin(W) cos(w + q) cos(i) + cos(W) sin(w+q)) sin(q)]
[(sin(W) cos(w + q) + cog(W) sin(w + q) cos(i)) cos(q)
+ (sin(W) sin(w +q) - cos(W) cos(w + @) cos(i)) sin(q)]
[sin(w+q) sin(i) cos(q) - sin(i) cos(w +q) sin(q)]

Avec_elmnts := %

[
[ The magnitude of the Laplace vector:
i

convert( evam(rhs( Avec_elmnts)), vector)

A= simplify(«/simplify( dot(%, %)), assume = positive)

A=l e

=] 3. Solve for the Orbital Elements

=] 3.1. summary of useful equations

hvec; hvec_elmts; rvec; vvec; hesub; hhsub
resub; rhsub; vresub; vrhsub; v2eq; v2esub; v2hsub; Avec el mts;
eh u g/v zv U
e xu z yu
e u € u
eh u-_éezv - xv_ U
€ yH € X ZH
gh u g(v yv i
e zu ey Xu
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éh u

§thHJ gsn(\l\l)sm(l)u

a yu:hgsno)cos(w)u

&h y € ocog(i) U

e zu

ng g:os(\/\/)cos(w+q) sn(\/\/)sn(w+q)cos(|)u
g Y 4="1 gIn(W) cos(w + q) + cos(W) sin(w + q) COS(I)U
ezu e sn(w+q)sin(i) u
ev u

€ xu

€ " u

gvy H:

g |

e zu

& (- cog(W) sin(w + q) - sin(W) cos(w + g) cog(i)) h

r

DM

*+ v, (cog(W) cos(w +q) - sin(W) sin(w +q) cos(i))ﬁ
= (- sin(W) sin(w + q) + cos(W) cos(w + q) cog(i)) h

&
e
€ r

+vr (sin(W) cos(w + q) + cos(W) sin(w + q) cos(i))ﬁ

églr sin(w+q) +wgsn(l)u

h=all a(1- %)
h=al a(-1+€°)

_a(l- e2)
- l+ecos(q)

3 a(-1+e2)
" 1+ecos(q)

<
—

_esin(@)4/1 a(l- &)

a(l- e2)

_esin(@)4/1 a(- 1+€%)

a(-1+e2)

Page 11



(DMDDDDDD
> PP
coccoooo
I
o

N

=l 3.2. eccentricity

éA U
e X
2A b
&A U
Le zu
evam(%)
e
g/h-vh-
) CEyz zy
éA u é
N
6A U—evh -v h -
gyﬂ gzx X Z
e
eAzHe
h -v h -
X'y Yy X

[ We aso have that
( hvec

X

N
+
<

N
+
N

N

o e e e o
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N < X

The definition of the Laplace vector is A= cross(v, h) -

N

coCocC

r
mag(r)

=mat(cross([v ,v ,v_],[h,h ,h]))- —F———
U Xy z Xy z 4/x2+y +Z2

[ (cos(W) cos(w + q) - sin(W) sin(w + q) co(i)) cos(q)
+ (sin(W) cos(w + q) cos(i) + cos(W) sin(w+q)) sin(q)]
[(sin(W) cos(w + q) + cos(W) sin(w + q) cos(i)) cos(q)
+(sin(W) sin(w + q) - cos(W) cos(w + ) cos(i)) sin(q)]
L L [sin(w+q) sin(i) cos(q) - sin(i) cos(w +q) sin(q)]

. Hence, in component form,



éhl)g/v-zvtl
e xu z yu
e u e u
eh u_ezv - xv. u
eyﬂex ZH
ghu&v-yvu
L e zUu e vy xu
[Therefore,

subs(mat2eqs( %), %%)

CCCCCCCC
1]
fD(DgD!‘DfDerDQfDerDerDQ
N
I\) N
‘<
I\)
N
N
CCCCCCC oo oo oy

(xvy- yvx)- vz(zvx- xvz)-

<
x

— +
<l\) P}
+
Nro

eA

e X

8A (yv_-zv)-v (Xv -yv)- Y
ey z y. XUy X

g A

€ z Iz

(zvX- va)- vy(yvz- zvy)-

x

2ay2s

 Avec
[ Sincethe magnltude of thisvector isA=1 e, we may define an "eccentricity vector":

ee u
e X8
& e y_ hs(Avec)
eyﬂ— |
e U
€ zu
8/(xv V. )-v_(zv - xVv) H
gy y YT N Y 2. 2 24
€ X +y +z g
€ U
8/(yv-zv)-v(xv-yv)- i
ez’ z y’ xy X 2 ol
€ X“+y +Z° 4
N | 1z
Zv_ - XV.)-V (YyV_- zV )- —FfF—
Sl gx (% X)Wy 2y T ——
geyH:e X" +y +Z U
I
ge U
L € zu
. : . . 2 2 2
from which we obtain the magnitude of the eccentricity, e= e + ey te,

H An attempt at simplification

convert(evam(rhs(%)), vector)

o 2 o 2 o
+ +
! . 3

cost(%)

20 additions + 3 divisions + 42 multiplications + 66 functions
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Call ect%"/o%,

u 0

, | U factor, locT

[ 2 2" H =
X +y +7Z a a

& 2 2 2 2
1+g2x \ +4xv yv +4xv_zv - 2X"V -2yv +4v ZvV. y
y z X z y

(DDDIPD

22 2 22 2 2 /I +2+ + 2+ +v 20
-yv-zvx-zv (I A/ X" +Y z)ggv v zzg
2 2 2 2 9 2 2 2 2

xv-2xvyv-2xvzv+xv +yv-2vzvy+yv +Z°v

y z X z z'y X X

2 200/2
ym
2 2 2 2 2 2

x2v - 2XV YV - 2XV_zZV +x2v +y2v - 2Vv_zv y+y2v +22v +22v
y y’ X zZ° X z z z°y X X y

® e 2 2 2 2 2 92U 0
csquareg%, gvx +vy +vZ Xy + 7 gfactora

‘v 2, 2.2, 2+ 20 2 +6€2 2022
gv (x y +7°) gv vy z gvx-v Y vzvyy

-2xv ZV_ - 2XV YV
z X y’ X

Subs( 6% = %, %%6%)

& 2 2 2 2 2 2
1+g—2x V. +4XVv yv +4xv_zv -2X V_ -2y v +4v_zv y
y y~ X z X z z z'y

2 2 2 2 229/ |2 2 2 a2 2 20&x
-2yv -szX-sz p (I A/ Xty +z)+ggvX +vy +Vzbg

& 2 2 2 20 o @& 20 2
g *(x +y +z)+gv +v *z gv -v —y - 2v zvyy

- 2XV_ZV_ - 2XV yv / 2
z X

2 2 2.2 2 2 2.2 2 2
-2X°V. +4XVv yv +4xv_zv - 2X° V. -2y v. +t4v_zv y-2yv -2ZV
y y’ X zZ X z z zy X X

- 222v

e €2 2 292 2 2u 0
csquar%%, gvx +vy +vZ X +Hy T+ 7 H.factor;

e 2 20 2 2 o2 & 2 20 o & 2 20 o
S-ZV -2v F(XTH+y +z )+82v -2v =7 +g—2v +2v =y
z y o z X @ X y o

+4v_zZv y+4XV_zZV +4XV yV
z'y z X y’ X

( Subs( %% = %, %Y%)
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1+a@e2 2 5 20 2+ 2+2+a-32 2 5 292+ae2 2+2 20 2
g2, - Vyé;(x y rz)rgev, - 2v Szrg 2V, Yy &7

0 2, 2,2 &
+4v zvyy+4xv zZv, +4xVv yv p (I A/ X +y +7Z )+g

& 2 2 20ee 2 2 2 20 0 22 20 2
vy +v +vZ fz’ggv +v (x +y +Z )+g v +v z +gvx -vy gy
00 2
-2vzvy 2xvzv-2xvyv— I
L y y’ Xo9

®e e 2 2 29 92 o2u 0
CoIIectg%,@I VootV +Vv X Y +7Z H.Ioc;
€' X y z [

/X2+y2+22

o]
2¢

Q:H-O:

&
1+ S—sz -

& 2 200 & 2 20 2
SZV -2v. =7 +g-2v +2v Ty +4v_zv y+4Xv_zZV +4XV yV
N z X @ X y o z'y z X y’ X
/x2+y2+22
T 2 20eee 2 2 2 20 2
+ggv +v v, —ggv +V *(x +y +Z )+g v, *v, 72

& 2 202
+€v. -v —y-2vzvy 2xvzv-2xvyv——/l
X y @ y X 20

cost(%)

26 additions + 69 multiplications + 83 functions + 2 divisions

_ Ohwell.

QSB semimajor axis

[ elliptical motion:

— = — +2—
a [ r

[ hyperbolic motion:

. 2 10
|soIaI%v2hsub, ;E
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=] 3.4. inclination

[ We can determine the orbital inclination from the angular momentum vector, calculated from

hvec
éhug/v-zvu
e xu z yu
e "u é u
eh u-éezv - xv_ U
eyHex ZH
ghu&v-yvu

B € zU €y xu

[ Since we know that

hvec_elmnts
eh u
ghxﬁ g sin(W) sin(i) {
a yﬂzhgsn(l)cos(W)H
&Enh § € ocogi) U
€ zu

[ and since theinclination isin the range [0,p], we therefore have

isolate( subs( mat2eqs( hvec), mat2eqs( hvec el mnts)3), cos(i))

-XV +tyVv
yX

cos(i) =- h

[ For elliptical motion,
subs( hesub, %)

-XV +yVv
yX

cos(i) = - ———re
I Al a(l-é)

[ For hyperbolic motion,
subs( hhsub, %6%)

-XV +yV
yX

cos(i) =-
Al a(- 1+e )

ﬂ 35. ascending node

mat2egs( hvec_elmnts)
[hx= hsin(W) sin(i), hy=- hsin(i) cos(W), hZ= hcos(i)]

solve({ %,, %,}, { Sin(W), cos(W)} )
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h h
. _ X
I teostW) == an ' "MW =)

}

subs( mat2eqs( hvec), %)

zZ\V - XVZ yv_- ZVy
] teosW)=- = "y "W ="

[ Elliptical motion:

}

subs( hesub, %)

yV_- ZV ZV_- XV V]
z y X z L
2

1
1
sin(W) = , cos(W) = -
B i Al a(l-€")sin(i) Al a(l-ez)sin(i)E

[ Hyperbolic motion:

subs( hhsub, %%)

ZV_- XV yVv_- zV V]
X z z y L

2 2

cos(W) = - , SIN(W) =
A/l a(-1+¢€%) sin(i) Al a(-1+e)sin(i)E

=] 3.6. true anomaly

R N =" ")

ﬂ circular motion

rvec
gx H gcos(\/\/) cos(w+q) - sin(W) sin(lw+q) cos(i)g
g Y 4= gin(W) cos(w+q) + cos(W) sin(w + q) cos(i )i
! ezu € sin(w+q) sin(i) u
subs(w = 0, regs)

[x=r (cos(W) cos(q) - sin(W) sin(q) cos(i)),
! y=r (sin(W) cos(q) + cos(W) sin(q) cos(i)), z=r sin(q) sin(i)]

I isoIaIe(simpIify(%1 cos(W) + %2 sin(W)), cos(q))

- co(W) x - sin(W) y

r

cos(q) = -

(%%2 cos(W) - %%1 sin(W)) cos(i) + %%3sin(i)
cos(i) (cos(W) y - sin(W) x) +sin(i) z=cos(i) (
cos(W) r (sin(W) cos(q) + cos(W) sin(q) cos(i))
L - sin(W) r (cos(W) cos(q) - sin(W) sin(q) cos(i))) + sin(i)? r sin(q)
( collect(isolate(%, sin(q)), [r, cos(i)], simplify)
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- (-cos(W) y + sin(W) x) cos(i) +sin(i) z

sin(q) = ;

ﬂ elliptical motion
resub

vresub

_a(l- e2)
" 1+ecos(q)

_esin(g)4/1 a(l- )

a(l- e2)

r

=l sin(a)

isolate(vresub, sin(q))

vra(l- e2)

sin(q) =
L eq/l a(l- e2)
0

collectgsub%v = dotgg? ? ?ﬁ [v v v ]: %ﬂ ra

(xvx+yv +zvz)a(1- e )

sin(q) =
L e/l a(l-ez)r
subs(r =4/ x2+y2+22,%)

2
(va+yv +zvz)a(1- e’)

sin(q) =
L e«/l <':1(1-e2)4/x2+y2+z2
=l cos(a)

isolate( resub, cos(q))

2
a(l-e)_1

cos(q) =

subs(r =4/ x2+y2+22, %)
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a(l- e2)

-1
X2+y2+22
cos(q) = o
ﬂ hyperbolic motion
rhsub
vrhsub
3 a(-1+e2)
~ 1+ecos(q)
_esin(q)4/1 a(-1+€%)
i ' a(-1+¢)
=l sn(a)

isolate(vrhsub, sin(q))

vra(-1+e2)

sin(q) =
eq/l | a(-1+e2)

Yz

v v v 06 2
V | £ r=
ratx Yy V25 78"

®& o X
col Iectgsub%vr = dotgg—

2
(va+yv +zvz)a(-1+e )

sin(q) =
enll a(-1+e2) r
subs(r = 4/ x2+y2+z %)

2
(va+yvy+sz)a(-1+e )

sin(q) =
e«/l a(-1+e2) 4/x2+y2+z2
cos(q)
isolate(rhsub, cos(q))
a(-1+e2) ]
cos(q) = o

subs(r =4/ x2+y2+z %)
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2
a(-1+e¢e
( ),

x2+y2+22

cos(q) = -

=] 3.7. argument of pericenter

rvec

ecos(W) cos(w + ) - sin(W) sin(w + q) cos(i)u
=r %n(vv) cos(w + q) + cos(W) sin(w + q) COS(I)H

sin(w+q) sin(i) u

coCcoco

2 X U
y
z

(DM¥DIDID-

coIIect(reqs1 cos(W) + reqs2 sin(W), r, simplify)

cos(W) x +sin(W) y=cos(w+q) r
isolate( %, cos(w + q))

-cos(W) x- sin(W) y

r

cos(w +q) =-

collect((reqs2 cos(W) - regs; sin(W)) cos(i) + reqsssin(i), [r, cos(i)], simplify)

cos(i) (cos(W) y- sin(W) x) +sin(i) z=sin(w+q)r
isolate(%, sin(w +q))

-cos(i) (cos(W) y- sin(W) x) - sin(i) z

r

sn(w+q) =-

'=]3.8. Summary

eccentricity
av (xvy- va)- vZ(zvX- xvz) « §
: | ) U
ge u & X2+y2+22§
€ XU & - - -
g 4 "§'vz(yvZ zvy) vX(xvy va) y u
eey 0=g | - u
ge U § oyl
ezdu Ev(zv-xv)v(yv-zv) u
& X z 4
) - U
I /
g x2+y2+ZZH

semimajor axis
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2 2

1 2 Vv 1 Vv 2
L A . A
a r [ a | r
inclination
. xvy- YV, . xvy- yV,
cos(i)=—/——= or co§(i) =—F——
Jla(- é) Al a(e- 1)

ascending node

yV_- ZV XV_-zZV y|
sin(W) = . , cos(W) = £ /
Al a(- é)sin(i) Al a(-é)sn(i)h
or
YyV_- zV XV_-zZV g
. z Yy Z X
sin(W) = , cos(W) = %
| a(e?- 1) sin(i) | a(e?- 1) sin(i) b
true anomaly
. (cog(W) y - sin(W) x) cos(i) +sin(i) z cos(W) x +sin(W) y
{sin(q) = ,co8(q) = }

r r
for circular motion, or

2 i
(va+yvy+sz)/\/a(1-e) a(l-ez) l

sin(q) = er«/l_ ,co8(q) =

it

er ep
for elliptical motion, or

2 1
(va+yvy+sz)4/a(e - 1) 2 1) 1%

a(e

i - - el 4

sin(q) = - oos(q) =" - Y
for hyperbolic motion
argument of pericenter

. cos(i) (cos(W) y - sin(W) x) +sin(i) z cos(W) x + sin(W) y
{sin(w+q) = ,cos(w+q) = }

r r
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