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=l Euler Equations of Motion for a Rigid Body

restart;

dias(l =1,y =y (t),q=q(t),f =f(t),WX=WX(t),Wy=Wy(t),WZ=WZ(t),VVf =Wf(t),Wy =Wy(t),
Wq=Wq(t))

L Warning, new definition for norm

In the frame of reference attached to the rotating body (the body frame), the equations of motion
are
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[ latex( Euler Egs, "d:/dynamics/precession/EulerEgs.tex™)

where IX, Iy, |Z are the principal moments of inertia of the body, WX, Wy, WZ are the angular

velocities of the body about the principal axes, and KX, Ky, KZ are the components of the torque

| acting on the body.
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=I Eulerian Angle Transformation

=] Rotation Matrix

Construct arotation matrix that transforms coordinates from the fixed frame (X,Y,Z) to the
| body frame (x,y,z). Firgt, rotate the coordinates ccw around the Z axis.

gcos(f) sin(f) Ou
rl::gsin(f) cos(f) Ou
g o 0ol

[ Next, rotate ccw around the X' axis.

g o o4
r2:= cos(y) sin(y )H

L €0 -sin(y) cos(y)u

[ Next, rotate ccw around the Z" axis.

ecos(q) sin(q) Ou
r3 ::g-sin(q) cos(q) OH
e 0 0 1u

[ Now combine the rotations into a single rotation matrix.

R:=
L (p,g,r)® evam((subs(q=r, eva(r3)) &* subs(y =q,eva(r2))) &* subs(f =p, eval(rl)))

[ Hence, we have the coordinate transformation

mat(x,y, z) =R(f,y,q) & mat(X, Y, Z)

(DXDIDID

N < X

coCcc
1]

[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) + sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,
cos(q) sin(y )]

[sin(y ) sin(f ), -sin(y ) cos(f ) , cos(y )] &*

MDD
N < X
coocco

[ latex (%, "d:/dynamics/precession/FixedToBody.tex")

The diagram below illustrates the three rotations.
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7 Figurel

X

=l Angular Velocity Vector in the Body Frame

The angular velocity vector may be decomposed into components along each of the rotation
axes used to construct the transformation matrix. 1f we transform those componentsto the
body frame, then we can express the angular velocity vector in the body frame in terms of the
Euler angles (f, y, gq). The component of Walong the first rotation axis, as viewed in the body

| frame, is
= evalm(R(0 &* mat(0, 0, 1 el
w, = evam(R(0,y, q) &* mai( ))ﬂtro“
esm(q)sn(y)u .
0
w = gos(q) sin(y ) it
L e cos(y) u 2

[ The component along the Y* axisis, in the body frame,

=evam(R(0,0,q) &* athOaal9
Wy =ev m( (v 1q) m (v ’ ))gﬂtyé
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[ Finally, the component along the Z" axisis ssmply

_ il
wq =mat(0, 0, 1) g‘ﬂt qE

o o
CCCCC

q

(DM¥DDID-
Q-H-O:

gq

[ Hence, we have the angular velocity vector in the body frame,

=
,—..

W:mataseqae\/alm(wf) +evam(w ) +evam(w_ ) ,i=1..300
) Yy’ aq’ =
I, 1 1 i, 1 90

ey O o U

—f = u

Gyt £ S0y ) + Gy Zoos(@)f

==l o 0 ¥

W—e ."tf 5005(q) sin(y) - g."ty gsn(q)ﬁ

e @0 Ao

| é g‘ﬂt Ecos(y) g‘ﬂt 9% U

[ latex(%, "d:/dynamics/precession/OmegaBodyFrame.tex)
[ Obody := convert(rhs(%), vector)

=I Rigid Body Equations— General Case

=] Equations of Motion

[ Substituting back into the Euler equations, we find
Xyz:=[xY, 7]
M=l |y, ]

subsgseqadV. _ (t) = Obody, , k=1.. 3¢ evam(EulerEgs) 0
& & K 5 5

élx?ﬁ%f%sin(q)sin(y)+gﬂ—ygcos(q)gg
(-1 f3 9l (2
(1,- 1) Ez. f Zcos(q) sin(y ) - gﬂty Zsin(a) 266 1 zcos(y) + %m
e e O 0 00
B, By By poos s~ oy B2
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(e 1) &g T Esn(@) sin(y )+ y 2 CS(Ol)ngt Scos(y) + gﬂtq—— vi
e e 0 e 600
8z Eqe &yt 570 ) By 9555
g 0 o o . o o o 6. 0
+(|y- 1) ggﬂt EJSH(Q)Sn(yHgﬂtyﬂCOS(Q)B gﬂt f;,COS(Q)SIIn(y) gﬂtyﬂs (OI)
K u
28
g a[i:ollectaé)/oi ! gﬂ—z «”_2 «”_2 sin( )1 sin(q), cos( )dlff;sm lif c.)|—1 30§
@Squ E e‘ﬂt‘ﬂtq ﬂtﬂty ﬂtﬂt S Y. St g P2 =
e a au
e
gaanz 0 2 9
sé: y Zoos(q) + & f Zsin(q) sin(y )
et o " o
e o @ & o 00
(IZ- Iy) cos(y)gﬂtfa (|X+IZ- Iy) ﬂtngﬂtfaf |
+ : + : +cos(q) sin(y )
X X a
S o 0 gl 00 -
cos(y)(lx- |z+|y)gﬂtf5 X+|Z- Iy)g‘ﬂt E’i. — KX aqﬂz 9.
: | : , Ssin(a) gy E T -%—y sin(q)
X X " o
A
+§—2 £cos(q) sin(y )
" o
5 M O+ 1
(IX- IZ) cos(y)g‘"tfE ( |y+|X IZ) g‘ﬂth ‘Hth* | |
+ : + : zsin(q) sin(y )
y y g
e o L0 ool 00 )
cos(y)(l I +Iy)gﬂtf5 (-1 +1 Iz)gﬂt E’i 5 Ky agnz 9
' | Ul 7 el L
y y 2 y en° o
| +1 aaT—fg2
agnz 9 (- y ) o 5 COS(Q)SH(OI)SIn(y)
+§—2 fos(y ) - |
It o z
& &0 ) 0
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| | t g Y 5onY)
Z VA 9
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y=

o
QIIR)

u
I I u
(-1,+ )COS(q)SIn(Ol)g.”t KZH
+ - u
I I_du
z zu
[tmp:z%

ﬂ Clean up the third equation a bit

agsubs(cos(qg) sin(q) = A, tmp3)

algsubstsin 9. B %?
gsg(y)gﬂt =y %

ﬁ
—
_.,
[SEI RN ER B

agsubs(l_ - Iy= %)
S+ ) Bt 2y 1) g
(-y X)g‘ﬂt Zsin(q) (-y X)g."t cos(q) o o o
| | & Sy 55
z z a
eal @ o @ 20
(-1 +I)Ag ty5+gﬂtf55n(y)5 35;”2 0 2 0
- | +§—2q;+§_2f;008(y)-|_
z it o et o z
m @ o @ ) B(-cos(q)"Cl_+sin(gq)"Cl_-1)) aq”2 0
-A g—ty: +g—tf$ sin(y )"£C+ I +§—2q;
L T o z Mt o
2 0 K
—froos(y)- —
L Eﬂtz 7] z
& e .2 2 , 0
9% Lt @ -
Collect /ogﬂq, 'IIt‘IItf A B C’g‘ﬂtfg cos(q)g simplify, alg
e [ -1 0
o 0 X VT
subsg =cos(q) sin(qg), B = sm(y)gﬂyEj ﬂth}C_ 'Z ’/OE
2 (0% @0
&2 0 &2 ( 1+cos(y)™) th +gty;; l+ly ) cos(q) sin(q)
ot .
™ o e o z
0
g(-mos(q) FDELF) 2 o 5 K
+ - 176 f=xsin(y)gy=- —
I et o M o |
z a z
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t Ltmpgzz%
[BodyEqs:: eval(tmp)
[ latex( BodyEgs, "d:/dynamics/precession/RigidBodyEgs.tex”)
mat( BodyEQs)
e
gae,nz 0 2 6
8%—2 fcos(q) + & f Zsin(q) sin(y )
e‘ﬂt @ " o
e o @ o o 00
(I Iy)COS(y)gﬂth (|X+IZ- Iy) it Bgﬂtfai
+ I + I +cos(q) sin(y )
X X a
e o 0 & 00 u
= - — Qg u
cos(y)(l I+|y) tf;a (IX+IZ Iy) ‘ﬂtqfai o KXH
+ | - : +sin(q) o
+ g | u
X X @ X u
e
§3g"2 o 2 9
8—%—2 =sn<q)+§—2f_cos(q)sn(y)
€ e o " o
ae i o o 69
(IX- IZ) cos(y)gﬂtfa (-Iy+|x- IZ) ﬂtqagﬂtfaf
+ I + I _sm(q)sm(y)
y y 2
& & .0 & 00 u
- —f = - — g~ u
. cos(y)(lX |z+|y)gﬂtfz+ |y+|X Iz)g‘"tq.icO o o &H
| | reosla) gy 5 0
y y g yu
e 2. @ & @0
gae;ﬂz 0 /2 0 ( 1+cos(y)”) tf;a +gtygg( Iy+l ) cos(q) sin(q)
%—Zq +§—f Foos(y ) + |
&Nt o EN° o z
B o2cos(q)2+1) (-1 +1) 9 <l
. A y g o o el
| A T
L z @ zu

Rigid Body Equations— Symmetric Top

General Motion of a Symmetric Top
Equations of Motion
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mTop :=subs(l =1 ,1 =1 ,BodyEgs
SymTop S(1, FLVRLVY yEQs)

e
fx2 0 2.9
Symiop = eé Sy Zoos(a) + —Zfis'n(q)s'nm
GEN° & i o
aeI 02
( )cos(y)gﬂt o Zg‘ﬂt ﬂgﬂt z
+ , = Zeos(q) sin(y )
Xy Xy o
@ a0 @ 00
COS(Y)(2|Xy' Iz) th . ‘IthEi_ o 5 K, aqﬂz o
+ | | +sin(q) )5 I—,-E—Zy:sn(q)
Xy Xy @ xy eft”™ o
) @ o 0. 00
52 9 §('xy' ! )Cos(y)g‘ﬂt 5 28 eem'ar
+E ;cos(q)sn(y)+§ | S “sin(a) sin(y)
It o Xy Xy 2
& 2I - —9
. cos(y ) ( )gﬂt 5 Zgﬂtq o 6 &
g | S
Xy Xy @
u
aE;HZ o] aqﬂz o] o 6 o 6 Kzu
é_q:r%—zf zcosly ) - g‘ﬂt - (y)gﬂtyé I_ﬁ
" o en” o z0
¢ @} 1, o0
SymTop ;= gseq coIIectgsmpllfygalmTopk { 1- I—: bE[ ;,
€ | xy o)
L 2 o
e—vy,-f,sn(q),cos(q),sin(y), —y dlffufactor k=1.3zU
eNtt”  qt it =
z ou
e 2 0 2 0
WmTOP"g—y cos(q) +& T L zsin(q) sin(y )
eENt” o M o
2 SRR < .- .
+gcos(y)(1+b)gﬂtf5+( 1+b)gﬂtq7ﬂ§gﬂtyé n(q)
“« & ¢
o cos(y)bg—f— (1- b)gﬂt ﬂgﬂt ;; in(y ) cos() - - Eﬂ?yésnm)
—Zf0 + b —f +(-1+b ol 99
Eﬂtz _cos(a) snty) Boosty )b g 12 + (- )gﬂt =6 1 =sin(y) sin(a)
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+a;30 1+baﬂ—fg+-l
foosy) (1) 15+ 10 0) B a2y Foosta)-

3

2 0 2 0 K
Z

& 6 &
Eﬂtz dcos(y) g'n p (y)g‘ﬂty Eﬂtzqz (-1+b)H

cooco

latex( SymTop 1 "d:/dynamics/precession/SymTopl.tex");
latex( 3/mTop2, "d:/dynamics/precession/SymTop2.tex");

latex( 3/mTop3, "d:/dynamics/precession/SymTop3.tex")
=] Conversion to a System of First-Order ODEs

[ We may write the equations of motion as a system of first-order differential equations.
Al 1 U
| subslist := éﬁf— bt y,ﬂtq—Wqﬁ
[ subs(subslist, SymTop)
solve{ op(%)}, {— T Lw,ye
i et op(% by ‘ﬂt 9’ &
collect( %, [Ixy’ Wy’ sin(y ), Wq], factor)

((1- b)Wq- cos(y)(1+b)V\/f)Wy cos(q)Ky+ szin(q)

B L

3 - sn(y ) T
& (- 1+b)cos(y)W +(1+b)Wo
évvfbsm(y)+ sm(y) ra y
K, (cos(@)K +K sin(a)) cos(y)
-1+b sin(y)

* |
Xy

X

TR

- 5 5 -K sin(q) +cos(q) K
ﬁwyzgcos(y)bwf +(-1+b)Wqugsn(y)+ ,Xy

[foo::%

& 1 0
sel ectghas, foo,—W. =
M fo

I collect(op(%) sin(y ), [Ixy’ Wy,Wq], factor)
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@ foo := (foo minus %%) union { %}

& 1. 0
selectghas, foo, —W_=
Mt de

collect(sinfix(op(%) sin(y ),y ), [IXy

foo := (foo minus %%) union { %}

—h
—)—|—|—|~|—|—|—/

Sn(y)g'yt fg=

((1- b)Wq- COS(Y)(1+b)Wf)Wy +

—W - &¢ bW2 1+b)W W9
y—gcosw) #(-1+b) W, W Zsin(y ) +

, Wy : V\/f , Kz]' factor)

cos(q) Ky+ K, sin(a)

I
Xy

- K, sin(q) +cos(q) K

I
Xy

it f
sm(y)gﬂt oy = ((cos(y )’ b+1) W +(-1+b) cosly ) W) W,
sin(y ) K, b
. " T 1+p  (cos(a) Ky* KXQH(OI))COS(V)J?
1

FirstOrderODEsK := S—f =

opgselectghas foo, ﬂiw

mat( FirstOrder ODESK)

-
&t fu
&Ly =w i
e‘thy_ y U
&l g=w i
e‘ﬂtq_ qu
é
e
e
e
e
é
L,
g‘nt y

I
Xy

fﬂt

opgsel ectghas foo, %

Y‘ITt
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1 —q=W,, opgselectghas foo, ﬂlw ——.

q?;ﬁﬂ

sin(y ) ﬁvvf%((l- b) W, - cos(y ) (1+b) W) W, +

gcos(y)bW2+( 1+b)W W ésm(y)+

fo

f oo

cos(q) Kyt Ky sin(q) v

I
Xy

-K sin(q) +cos(q) KX ¥

I
Xy

e w ey ol i



CD(D!‘&foDl‘DfDl‘D\

n(y) o W, 2= ((cos(y )b+ 1) W, + (- 1+b) oty W) W,

sin(y ) K,

— (cos(q) Ky+ KXSin(q)) cos(y )

* |
i Xy

L [Iatex(% 'd:/dynamics/precession/FirstOrderODEsK .tex")
ﬂ Force-Free Motion of a Symmetric Top

ot e g

FFS/mTop := subs( KX =0, Ky =0, KZ =0, SymTop)

g2 0§ 2 %
FF%/mTop:zgg]—yicos(q)+6e”—2fisin(q)sin(y)
eeNt” o M o

n(q)

+§:os(y)(1+b)§%f%+(-l )gﬂt ma?ty_

aqﬂz 0
+gcoS(y)bg—f— (1- b)gﬂtq gﬂtf;ﬂ in(y ) cos(q), - %ﬂtz %,S”(q)
%[_2 g + b f02+ 1+b Oaa[fgg
%ﬂtz —oosta) sin(y) Goos(y )b g 1% + (- )gﬂt 261 sty ) sin(a)

.0
+gCOS(y)(1+b)gﬁfg+(_1 )g‘ﬂt mg‘ﬂt cos(a),
29 6 aaﬂz OH
_f_COS(y) f SI (y) y— —q_u
g"tz o gﬂt g gﬂt g‘ﬂt iy

[ We notice that the third equation,
FFS/mTop3

O

2

aE;HZO aeno 8E!"g;"Zo
qt

g—zfﬂcos(y) o290 E Y 2+ § 50

(SRR

[ can be written as
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2 9 2 0
L T R -
fZoos(y)- g T Esnly ) gy +§ U= g g o) 0o

| ‘Ht2 o

rhs(%) - Ihs(%)

--O:

a

Hence, ?"ﬂf %cos(y )+ gﬂﬁ %z const

Thisisthe projection of the angular velocity onto the symmetry axis. Recall the components
| of Win the body frame:

mat( Wx’ Wy’ WZ) = convert( Obody, matrix)

fosm( ) sin( )+aaT 0cos( )

gWXH %ﬂt 7] d y g‘ﬂtyz d 4
Ew U_ed 9 SN
&y U= &, fxcos(q)sin(y)- g y zsin(a)u
¥ it o ﬂt u
qw, i ¢ ;
P BB

We see that the angular velocity about the symmetry axis, Wz’ isaconstant of the motion. We

| aso have conservation of energy,

2 2
I W +I W +I W
X X yy zz

E=
2

L KE:=%
[ Substituting the components of Win terms of the Euler angles, we have

coIIectg&JbsgaeqaaN (t)= Obodyk, k=1. 3¢ KEG [diff, sin(y )], factor &

& 07, 5 o 5

KE := %
E=ga | +1I 242

g, 1, cos(a) sm(q) —sm(y) > ZCOS(y) —gﬂt 5

| N o
+gsn(q)cos(q)(-l +|X)sn(y)gﬁy§+ o ;, S(V)Zéﬂtf;
1 0 1,8 @
+g2|Xcos(q) | sm(q) gﬂty— +2'Z a5

subdlist := 61 W 1f—W1 WH
Y2 T T Mol

subs(subdlist, | =1 ,1 =1 ,KE
s X vy Xy )
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E= g 2,1 an)®2any )2+ 11 2% %41 w W,
=ge-Il_co —I1_ sin zsin —~I_co T co
|y QO+ 1 Sn(a) Zsiny )7+ 71 cos(y )W +1, W cos(y ) W
B cos@? el sn()?dw 2l w?
—1_ co —I_sin I -
] £y XAy sn@r B +5 1LY
Il tae lif &% 9 [W W ,W_, | ], simplif 9
collec smplyé , Simplify
é xy;a y'axy p
& | cos(y)29 | W_cos(y ) W, LwC
E 11 1 + 2 z7q f 1 2 1z¢
— =G —cos(y) +— TW, o+ +-W  +=
I 2 2 I £ f I 2y 2 |
L Xy @ Xy Xy
collect(algsubs(| — Xy(1 b), %), [ W], factor)
E WZaa ! b 1+b WW+1W 2+aa 1bch2
—= —- —CO = (- co - —- —b=x
|ny§228(y) P (D)ool )Wy W oW g 5P

[ KE := %
ﬂ Steady Precession Solution

[ Suppose we look for asolution such that y is constant. Then we have
alae b il 0, FFSymT %
— Yy = m =
& gsu Sg'ﬂt y =0.FFy P

o &

86t sin(@)sinly ) + § cosy ) b &
e&NtC o

2 o ael] @

— f 2 COS(Q)S'H(Y)““gCOS(Y)b f=

i o ﬂ 2

@
f=x
(4]

0
sin(y ) cos(q),

o o
+(1- )g‘ﬂt zgﬂt m

+(-1+0)§ a2 1 Ssn(y ) sn(a)

2 0 2 0ou
gﬂ—zf _Cos(y)+a%”—q E
MW o ‘Ht

[ The first two equations can be combined to yield

g, sin(q) + %, cos(q) 0

collect [ diff], simplify==0
sn(y ) [ diff] P ye

2

=

f=0

N

L It

Hence, solutions with y = const force a constant precession, %f =const. From the third
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equation, we then see that % g = const as well.
aeﬂz 0
subsg——f =0, %%, =
L It it 1
& 0
solv %,lfi
L @
1
—f =0
‘ﬂtf /o2
& 0
—qE(-1+b
1, €t 95 )
I M cos(y ) b
® *® Ixy_ IZ 00
normal Gsubskb = I ,%Z:
Xy 20
& 0
— Q=
1. &0 95 2
HEE it cos(y) (-1, +1)

=l A Spinning Truncated Cone Embedded in a Pressure Field

Consider atruncated cone with small and large radii a and b and cone opening anglea. Let the
center of mass reside on the (local) z axis, a distance h below the smaller flat surface (the top

. . . r-a
surface of the truncated cone). Then the equation for the conical surfaceistana = P or

P +y?- (a+(h- 2)tan(a))? =0

[ latex( %, "d:/dynamics/precession/ConeEquation.tex™)

Conical Coordinates
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z Figure2

| Transformation matrix from conical to Cartesian coordinates:

gsin(a) cos(h) -sin(h) cos(a)cos(h)g
in(a)sin(h) cos(h) cos(a)sin(h)uy
L € -cos(a) 0 sn(a) U

[ For later convenience, make this and itsinverse into functions.
[ M =%
ConToCart :=(a, b) ® evadm(subs(a =a, h =b, eval(M)))
L CartToCon := (a, b) ® map(simplify, inverse( ConToCart(a, b)))
latex( ConToCart(a, h), "d:/dynamics/precession/Conical ToCartesian.tex")
[ latex(CartToCon(a, h), "d:/dynamics/precession/CartesianToConical .tex™)
Hence,

mat(xhat, yhat, zhat) = ConToCart(a, h) &* mat(rhohat, etahat, alphahat)
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exhatu &sin(a) cos(h) -sin(h) cos(a)cos(h)u érhohatg
ghatﬂ=§n(a)9n(h) cos(h) cos(a)sin(h)u&* ¢ etahat H
ezhatl € -cos(a) 0 sin(a) U eaphahatu

and
mat( rhohat, etahat, alphahat) = CartToCon(a, h) &* mat(xhat, yhat, zhat)

grhohat U ésin(a)cos(h) sin(a)sin(h) -cos(a)u  éxhatu
8etahat Hz -sin(h) cos(h) 0 Uu&* hatbl
B ealphahatt ecos(a) cos(h) cos(a)sin(h) sin(a)u ezhatu
=] Radiation Pressure

Let [PX’ PY, PZ] be the pressure vector in the fixed frame. Then the conical coordinates
| representation of P is

mat(Pr,Ph,Pa):(CartToCon(a,h)&* R(f,y,q)) &* ma(P_,P_, P_)

XY Z
eP u
8 rH aésin(a) cos(h) sin(a)sin(h) -cos(a)u
&Ph Ui=¢§ -sin(h) cos(h) 0 e
gp H ecos(a) cos(h) cos(a) sin(h) sin(a)H
€ au

[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) + sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,

cos(q) sin(y )]
o & xi
[sin(y ) sin(f ), - sin(y ) cos(1 ) , cos(y )1 2&* §Py §
5 g, 4

latex( %o, " d:/dynamics/precession/PressureBodyFrame.tex™)

Pbody := convert(evalm(rhs(%)), vector)

simplify(mag(%))
p2ip apf
z 7Y "X

[
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A Figure 3

®
i di

l\

0@

V

| Theforce on an area element dSis

mat(dF deara”el):lpldsicos(g)l' mat((1+A.) cos(g), (1- A_) sin(g))
e dF u e(1+A )cos(g)u
€  pep U |
li=| P| ds| cos(g) | €
N %Fparallelﬂ 8(1 A )sm(g)u
where F and F are the component perpendicular and parallel to dS, gisthe angle

perp parallel

between P and the (unit) surface normal N, and AC is the albedo of the cone surface. From

Figure 3, we see that dot(P, N) <0 for our problem. Hence, cosg=-cosc (that is,

dot(P, N)

CoSC =- ) and we have

i [P

mat(dF__, dF

oerp para”el):|P|dScos(c)mat(-(1+AC) cos(c), (1- A-)sin(c))

> dF e(1+A )cos(c)u

e u
e u e
%Fparallelﬁ |P|dSCOS(C)8(1 A )sm(c)u

[ The magnitude of dF is
dFpp := convert(evalm(rhs(%) ), vector)
simplify(+/ dot(%, %), assume =real )

| dF| = rootfunc( %, collect, cos, factor)

dF | = signum(P) P signum(dS) dSsignum(cos(c)) cos(c) 4cos(c)2A + (AL - 1)2
| oF| ot (A
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for pin select(has, indets(%), signum) do subs(p =1, %) od
subs(P =| P, %)
mag_dF :=rhs(%)

| oF | =| P|dScoqc)M4coqc)2AC+(AC- 1)?

Pa Pa
Now, cosgzm. Hence, cosc = - m or

cos ¢ = subs(P - Pbodyg)

X~ Px Py =Py Pz=P2
cos_chi :=rhs(%)
latex(%, "d:/dynamics/precession/cos_chi.tex™)
cosc =-(cog(a) cos(h) (cos(q) cos(f) - sin(q) cos(y ) sin(f))
+cos(a) sin(h) (-sin(q) cos(f ) - cos(q) cos(y ) sin(f )) +sin(a) siny ) sin(f)) py, - (
cos(a) cos(h) (cos(q) sin(f ) +sin(q) cos(y ) cos(f ))
+cog(a) sin(h) (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) - sin(a) sin(y ) cos(f)) p,,

- (cos(a) cos(h) sin(q) sin(y ) + cos(a) sin(h) cos(q) sin(y ) +sin(a) cos(y )) p,,

Px Py Pz
Wherepxzm, pYzm, pzzm. dearaII o O be written
dF =|deara”e||(P- o But|P- dot(P, N) N|=| cross(P, N)| or
parallel |P- dot(P, N) N| ' ’ ’
, dot(P, N) .
|P- dot(P, N)N|:|P|sm(c),andT:-cos(c),sowecanwnte
dl:parallel B P+|P|cos(c)N
[ gl IPlsn©)

dl:parallel _P+|P|cos(c)N
| dF ~ |P|sin(c)

parallel|

[ In component form,

subs(|P|=Q,P= mat(P P, ,P ), Q=|P|, N=ma(0, 0, 1), %)

Page 18



P U ;
&P U &
&' h u+|P|cos(c)g OH
T € 1
parallel e auU
I |dearaIIeI| |P|sm(c)
dF ¢ Ou
er
FordrFr  ,we haveﬁzg Oﬂ Therefore,
perp |dF | v
L perp’ € 1u
mat(dFr , th, dFa) =eva m(dep2 rhs(%%) + dep1 rhs(%))
- g € dScos(c) (1- A )P u
gFr e /Ty 0
& U_¢€ dScos(c) (1- A)P u
€ hu=§ C'h U
4 e 2 u
§dFaH giScos(c) (1- A.) (P_ +|P[cos(c)) - [P|dScos(c)” (1+A)L

[ The component perpendicular to the surface simplifies:

factormat( subs( Pr = pr | P|, Ph = ph| P|, Pa = pa| P|, %%), collect, [ dS, cos], factor)
dr 40U
ﬂ_é o
L |deerp| e 1H
[ Thus, the force integrated over the cone surfaceis
2p. f+S
_Q 9 . 0
mat(Fr,Fh,Fa)—g 9 subs(dS=r sin(a), rhs(%)) dr dh
0 f
. . 2p f+S
AL
& o o € u
&FLH=0 0 § Oudr dn
S 48 8 &a1f
€ au 00 Of

[ Fintegral := %

L [ latex (%, "d:/dynamics/precession/Coneforcel ntegral .tex" )

=l Torque Dueto Radiation Pressure on the Cone Surface
ﬂ Radius Vector to Cone Surface

To calculate the torque, we first need the radius vector to a point on the surface of the
cone. The transformation from conical to cartesian body coordinatesis
: u

H

tan(a) U

§x:r sin(a) cos(h),y=r sin(a)sin(h),z=h- r cos(a) +

Page 19



@xyz::%

Hence, the radius vector from the center of mass to a point on the cone surfaceis, in the
| conical frame,

subs(xyz, CartToCon(a, h) &* mat(x,y, z))
map( collect, evam(%), [ h, a], simplify)

r_cone:=%

gsin(a) cos(h) sin(a) sin(h) - cos(a) g :Z?]((Z))‘;Ons((:)) ﬁ
-sin(h) cos(h) 0 H&*g a u
ecos(a) cos(h) cos(a)sin(h) sin(a)u & - r cos(a)+ H
€ tan(a)u

é 2 u

e cos(a)” a u

gcos(a) - —sin(a) + rﬁ

e 0 u

L g sin(a) h+cos(a) a E

latex(mat(xyz), "d:/dynamics/precession/Conical Coordinates.tex™)

| L latex(r_cone, "d:/dynamics/precession/r_cone.tex™)
|=| Statement of the Torque Integral in the Conical Frame

[ The torque integrated over the cone surface is therefore

subs(F = K, subsop([ 2, 1, 1] = 'cross(eval(r_cone), op([ 2, 1, 1], Fintegral)), Fintegral ))

torque_cone integral := %

2p. f+S
‘K u & @a o 2 0 6
E% U o @ e cos(a)” a Us oot
g, ug 8 gcos(a)h- ——~——+rl g “yr
€K, U=8 §  crossk sin(a) [ § Oizar dh
gk 0 2 o g 0 ﬁe 10
e au g & sin(a)h+cog(a)a U 2

0 f

[ which can be simplified as follows.

op([2, 1, 1], torque_cone _integral )
e

2
§°’ cos(a) h+ X2 2

) r,o
sin(a)

e oy el waid

factormat( mat(subs(AC - 1=-Q, eva(%))), collect, [ Q, pa, pr , ph, r, AC], factor)
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8

e 0
€ cos(a) (sin(a) h+cos(a)a) 0 .
i i gt : Zsin(a)
(r sin(a) - cos(a) (sin(a) h+cos(a)a)) & sin(a)
§ r sin(a) - cos(a) (sin(a) h+cos(a) a)
e 0
.9.
%/sin(a)
b
[subs(sin(a)h+cos(a)a=U,%)
factormat(%, collect, [ Q, Py Py AC]' factor)
(r sin(a) - cos(a)U)g-lu
e OH

sin(a)

[ map(x ® algsubs(Q U =V, x), map(expand, evalm(%)))

factormat(%, collect, [r, V], factor)

8 0 u
gaer N cos(a)Ug in(a ﬁ
(r sin(a) - cos(a)U)ég_ sin(a) ( )ﬁ
rsin(a)- cos(a)U u
: 0 t
L sin(a)
[arg =%
subdlist:=[Q=1- AC,Uzsin(a)h+cos(a)a,V=QU]
map((x, y) ® lhs(x) = subs(y, rhs(x)), subslist, subslist)
subglist := %
subgdlist :=[Q=1- AC,Uzsin(a)h+cos(a)a,V:QU]
 Check:

( map( simplify, evalm(op([ 2, 1, 1], torque_cone _integral ) - subs(subdlist, arg)))
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(DIXDDD
[eoleole]
coCcc

[ Finally, we have

subsop([ 2, 1, 1] = arg, torque_cone _integral )

torque _cone integral := %

e o
2p f+S exe cos(a)Uo . u
Q @ : &e-r +— zsin(a)4
¢ 9 (r sin(a) - cos(a) U) & sin(a) @ U
ek, u 8 8 g r sin(a) - cos(a)U ﬁ
g, u g 8 3 0 u
eK u-9 Q dr dnh
€ hu-Q @ : r
u Q Q sin(a)
gk U 9 9
e au §
8
0 O
L 0o f
[where
mat( subslist)
g\/ U=sin(a)h+cos(a)a H
I g =(1- AC)(sm(a)h+cos(a)a)H
[and

cos(c) =cos_chi

cos(c) = - (cos(a) cos(h) (cos(q) cos(f ) - sin(q) cos(y ) sin(f ))
+cos(a) sin(h) (- sin(q) cos(f ) - cos(q) cos(y ) sin(f)) +sin(a) siny ) sin(f)) py - (
cos(a) cos(h) (cos(q) sin(f ) +sin(q) cos(y ) cos(f ))
+cos(a) sin(h) (-sin(q) sin(f) + cos(q) cos(y ) cos(f)) - sin(a) sin(y ) cos(f)) p,,
- (cos(a) cos(h) sin(q) sin(y ) + cos(a) sin(h) cos(q) sin(y ) +sin(a) cos(y )) p,,

ﬂ Partial Evaluation of the Torque Integral in the Conical Frame

torque_cone_integral
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¢ 0
2p f+ ee cos(a)Uo . u
02Pe TS gg-u.s(—): n(a)l
g 9 (rsin(a)- cos(a)U)§ sna) o u
. ' y
gKrH 9 8 § r sin(a)- cos(a)U H
€ u 9 9 g 0 U
eK, u-Q Q dr dh
¢ hu=Q Q : r
y Q 9 sin(a)
gk U 9 9
eau 8 8
8 8
0 ©
0 f

a b-a
We can do the integral over r right away. We note that f =———— and S—— Hence,

i sin(a) sin(a)
& b a 0
sub%HS: - L f=— , %=
sin(a) sn(a) o
b S 0 H
2p sin(a eze cos(a)U o . u
62 Pg 32 g1 +—_ ——=sin(a)]
8 8 (r sin(a)- cos(a)U) & sn(a) @ U
. N e : u
gKrH 8 8 8 rsin(a)- cos(a)U H
g, u 9 9 é 0 u
eK, u-Q Q dr dh
e hu-Q Q :
u 9 Q sin(a)
T
eau 8 8
8 B8
0 O
0 a
L sin(a)

[ Evaluating theintegral inr, we find

e
mapgi nt, map( collect, evalm(op([ 2, 1, 1], subs( pr = Prho, torque_cone integral))), r ),
__a b
"~ sin(a) " sin(a) @

factormat(subs(Prho = pr , V =Q U, map(expand, evalm(%))), collect,
[cos(c),p,. By, P A Q U], factor)

subsop([ 2, 1] = %, %%6%)

torque_cone := %
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N
©

)
Q e
¢K u 9
E§"da 1
eK, u-92 _=
ehi=g "o
§K_ U 8
€ au g
(0]
(0]
0
¢ 0
€ e cos(a)(-b+a)U 1(-b+a)(a+b)o . 2
- é 2 2 , @)
(-b+a)(-a+2cos(a)U- b)g ) sin(a) sin(a) o
& (-b+a)(-a+2cos(a) U- b)
& 0
6
: / sna)?an
P

H Conversion of the Torque Integral to the Body Frame

2 2
. b+a)cos(a)U b +ba+a b+a)U
DeflneBl:( ) 8(2) - 5 and 82:(2'#' Then the torque
2sin(a) 3sin(a) sin(a)
integral becomes
5 _1(a+b)UQ
i 22 sin(a)
[Bwbs::[%%, %]
2P
TR é “B.p 0
e ru q e 2"h u
gK H 8 8—28 A_cos(c)+B p +B QpH
§ hu=g ('a+b)009(0)|P|§ 17c 25 TP alddh
gk, 8 § e -B QP y
L 0

| Check:

I map( simplify, evalm(subs( Bsubs, op([ 2, 1], %)) - op([ 2, 1], torque _cone)))

z

€ 2. .2\U
g, cos(c)|P|UQp (-b"+a")u
gé sin(a) H

el
gé(-3b2+3a2+6003(a) Ub- 6cos(a)Ua+2|P|cos(c)Qpa b3
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6| P|cos(c)2ACcos(a) Ua+4| P|cos(c)2ACa3+3| P|cos(c) UQp_ sin(a) a°
+3|P|cos(c) Qp_ cos(a) Ua®- 2|P|cos(c) Qp, - 4|P|cos(c)2ACb3
+6|P|cos(c)2ACcos(a) U b2- 3|P|cos(c) UQpr sin(a)b2

: 3|P|cos(c)Qpacos(a)Ub2)/(-1+cos(a)2)§

cos(c)|P|Qph (-3cos(a) U b2+2b3+3003(a) Uaz- 2a3)

(DALDIDDD
ol
coocooo

-1+ cos(a )2
torque_cone := %%

latex(torque_cone, "d:/dynamics/precession/ConeT orquel ntegral Cone.tex™ )

1 [

The pressure components in the cartesian body frame are

mat(p,, Py, P,) = R(T,y, q) & mat(py, py, p,)

ep u=R(f y q)&*ep u
SRR
sz epZH

[ Similarly, the conversion from the cartesian body frame to the conical body frameis

mat( pr, ph, pa) = CartToCon(a, h) &* mat( pX, py, pZ)

ep u ep u
g§ry g&sin(a)cos(h) sin(a) sin(h) -cos(a)g g x4
&P, Hzg -sin(h) cos(h) 0 H&*gpyﬂ
gp f| &os(a)cos(h) cos(a)sin(h) sin(a)u gp i
L € au e€'zu
[ Hence, we have
subsop([ 2, 2] = rhs('%%'), %)
ép U ® ép,, uo
Ery gsin(a)cos(h) sin(a)sin(h) -cos(a)u & XHZ
&P, H:g -sin(h) cos(h) 0 U&*E&R(f,y,q)&* &Py iz
gp H ecos(a) cos(h) cos(a)sin(h) sin(a)u p =
e'au e Z ug

factormat(evam(%), collect, [sin(h), cos(h)])

o
—

© _ T
Q

(DM@¥DDDIDDID
>

o o v
11
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[(sin(a) (-sin(q) cos(f) - cos(q) cos(y ) sin(f )) py,

+sin(a) (-sin(q) sin(f ) + cos(q) cos(y ) cos(f)) p,, + sin(a) cos(q) sin(y ) p,,) sin(h)
+ (sin(a) (cos(q) cos(f ) - sin(q) cos(y ) sin(f)) py,

+sin(a) (cos(q) sin(f ) +sin(q) cos(y ) cos(f )) p,, + sin(a) sin(q) sin(y ) p.,) cos(h)
- Py cos(a) sin(y ) sin(f ) +p, cos(a) sin(y ) cos(f ) - p., cos(a) cos(y )]

[((-cos(q) cos(f) +sin(q) cos(y ) sin(f )) py,

* (-cos(q) sin(f) - sin(q) cos(y ) cos(f )) p,, - sin(q) sin(y ) p,,) sin(h) + (

(-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) py,

* (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) py, + p,, cos(q) sin(y )) cos(h)]

[(cos(a) (-sin(q) cos(f) - cos(q) cos(y ) sin(f)) py,

+cos(a) (-sin(q) sin(f) + cos(q) cos(y ) cos(f)) p,, + cos(a) cos(q) sin(y ) p,,) sin(h)
+ (cos(a) (cos(q) cos(f) - sin(q) cos(y ) sin(f )) py,

+cos(a) (cos(q) sin(f) +sin(q) cos(y ) cos( )) p,, + cos(a) sin(q) sin(y ) p.,) cos(h)
* Py sin(a) sin(y ) sin(f) - p, sin(a) sin(y ) cos(f) +p,, sin(a) cos(y )]

Psubs := [seq(lhs(%)K - rhs(%)k1 oK=1-3)]

We must transform the torque components from the conical frame to the body cartesian
| frame.

torque_cone

§°P
éi" E_g gZB A cos(cl)air;h +B, Q E
§"hu=g (b- a) cos(c)|P|& 2By Ac 2P TP paﬂdh
. 4 8 ! -8, Qp, :
0

subsop([ 2, 1] = ConToCart(a, h) &* op([ 2, 1], torque_cone), torque_cone)
subs(K =K ,K =K ,K_ =K_, %)
r X y a Z

h
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N
©

eK u 8
& XU § gn(a)cos(h) -sin(h) cos(a)cos(h)y
gKyHZS gin(a)sin(h) cos(h) cos(a)sin(h)u&*
Exk U 8 € -cos(a) 0 sn(a) U
K U
gl 8
0
0
g “B,ypy i
(b- a) cos(c)|P|§‘2|31ACCOS(C)+|32F)r +BlQpaEdh
& "B, Qpy, t

subsop([ 2, 1] = factormat(evalm(op([ 2, 1], %)), collect, [pr Py pa], factor), %)

(D@¥DDIDIDIDD
A X
< x
0., CoCoCooco
N
©

o (ele)s) e}

(-b+a)|P|cos(c)

A
N

[sin(h) B2 pr +cos(h) (sin(a) Bz+cos(a) B1 Q) ph +sin(h) BlQpa
- 2sin(h) BlACcos(c)]

[-cos(h) B2 P, +sin(h) (sin(a) Bz+cos(a) B1 Q) Py - cos(h) BlQpa
+2cos(h) BlACcos(c)]

[(-cos(a) B, +sin(a) B, Q) p, ] dn

[foo::%

DefineC, =sin(a) Bz+cos(a) BlQand CZ: -sin(a) QBl+cos(a) BZ' Then

1
[ Csubs := [ %%, %]

invsubs( Csubs, foo)

N
©

N
X

(DMXDDDDDD
N
<
o e el e i
1
o (e} sinisisisislsls]

(-b+a)|P|cos(c)

A
N

gsin(h)BZpr +cos(h)Clph +sin(h)BlQpa- Zsin(h)BlACcos(c) )
g—cos(h) szr +sin(h)C1ph - cos(h) BlQpa+Zcos(h) BlACcos(c)
‘ (- cos(a) B, +sin(a) B, Q) p,

dh

COCCCCCC

[ Finally, substitute for cos ¢ and the pressure components and perform the integration.
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[

l

subs( Psubs, cos(c) = cos_chi, %)
map(int, map( collect, evam(op([ 2, 1], %)), [sin(h), cos(h),|P[]), h)

foo =%
for kto3do fook, 17 subs(h =2 p, fook, 1) - subs(h =0, fook, 1); fook’ 1= factor(fook, 1)
od

factormat(foo, collect, [py. py, P,])
mat(K_, K , K ) =%
Xy z

torque _xyz cone:=%

e
X

(DIXDEDEDIDIDD
A
<
coccococo

=(-b+a) p|P|(-sin(y ) p,, cos(f ) +cos(y ) p,,+sin(y ) sin(f ) p, )

A
N

(Zsin(a)Bchos(a)+sin(a)2 B, +4sin(a) B A cos(a) +C_ sin(a) - Bzcos(a)z)
[(cos(q) cos(y ) sin(f ) +sin(q) cos(f )) py + (sin(q) sin(f) - cos(q) cos(y ) cos(T)) p,,
- p, cos(a) sn(y )]

[(cos(q) cos(T) - sin(q) cos(y ) sin(f )) py, + (cos(q) sin(f) +sin(q) cos(y ) cos(T)) p,,
+sin(q) sin(y ) p]

(0]

latex(torque_xyz_cone, "d:/dynamics/precession/ConeTorqueBody.tex™)

We can simplify C1 and C2 somewhat:

subs(sin(a)? + cos(a )2 = 1, collect( subs( Bsubs, Csubs,), [Q, U], factor))

subs(subdlist, , collect(%, [sin(a)]))

1

el 1 2 2.9
i gz(a+b)u- 3cos(a)(b +ba+a )5(1- AC)

C
1 sin(a)?
subs( subslist 1 factor( subs( Bsubs, Csubsz) ))
L (- AC)(b2+ba+a2)
C,== :
2 3 sin(a)

Csubs := [ %%, %]
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[
|

|=| Torque Due to Radiation Pressure on the Flattop Surface

Z Figure4

/

X y

subs( Csubs, Bsubs, subslist, AC = AT a=0, b=a, torque xyz cone)
a=

N o

X

- p|P| (-sin(y ) p,, cos(1 ) + cos(y ) p,+sin(y ) sin(f ) p, ) h (1- A)

(DIXDIDIDIDIDID
A AN _AXN

N <

coCccocococ

[(cos(q) cos(y ) sin(f) +sin(q) cos(f )) p, + (sin(q) sin(f ) - cos(q) cos(y ) cos(f)) p,,
- P, cos(q) sin(y )]
[(cos(q) cos(f) - sin(q) cos(y ) sin(f )) p, + (cos(q) sin(f ) + sin(q) cos(y ) cos(f)) p,,
+sin(q) sin(y ) p,]

[0]
torque xyz top := %
latex(torque xyz top, "d:/dynamics/precession/FlatTopTorqueBody.tex")

=] The Equations of Motion

The equations of motion are
mat( FirstOrderODEsK)
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&l —w i
et fu
ef u
B’ =V d
ef u
&t 4~ Vot
< ) co K +K sin(g)U
§gn(y)?—wg:((l_b)w_Cos(y)(“b)w)w O
€ M fo q foy |Xy H
gﬂw =8%05(y)bW2+(_1+b)WWggn(y)+-Kysn(Q)+COS(Q)KX§
gﬂt y S f q fo Ixy H
é
g
ggn(y)iﬂ—w g:((cos(y)zb+1)w +(-1+b)cos(y)W. )W
€ g‘ﬂt (o} f q’y
sin(y ) K, U
Ty -(cos(q)Ky+KXsn<q))cos<y)E
i 'y i

H Torque Combinations

[ Assembl e the torque combinations.

Kcone := convert( evam(rhs(torque xyz cone)), vector )
L Ktop := convert(evalm(rhs(torque_xyz top)), vector)

(Kcone, + Ktopl) sin(q) + (Kcone,, + Ktopz) cos(q)

1 2

applyrule(sin(q)2 + cos(q)2 =1, factor(%))
map( collect, %, [Bl’ BZ’ Cl]’ factor)

torquef =%

p|P|(py cos(f) +sin(f) p,) (-sin(y ) p,, cos(f) +cos(y ) p,, +sin(y ) sin(f) p, ) (
2cos(a) sin(a) (2AC+ Q)(-b+a) B1

- (cos(a) - sin(a)) (cos(a) +sin(a)) (-b+a) Bz+sin(a) (-b+a) C1

+a2h(-1+AT))

[and

Page 30



(Kcone, + Ktopl) cos(q) - (Kcone, + Ktopz) sin(q)

1 2

applyrule(sin(q)? + cos(q)° = 1, factor(%))
map( collect, %, [Bl’ BZ’ Cl]’ factor)

torquey =%

[P p (-sin(y ) p, cos(f) + costy ) p, +sin(y ) sin(f ) py,)
(sn(y ) p, - sin(f ) py cos(y ) + cos(f ) cos(y ) py ) (
2cos(a) sin(a) (2AC+ Q)(-b+a) B1

- (cos(a) - sin(a)) (cos(a) +sin(a)) (-b+a) Bz+sin(a) (-b+a) C1

+a2h(-1+AT))

[Where
Csubs
é
e
e
e
g
e
?(a+b)u-lcos(a)(b2+ba+a2)g(1- A) (1- A_) (b>+ba+a’)
2 3 g 'C 1 c
€= 2 €273 i
sin(a) sin(a)
0
u
u
u
d
| 1]
Bsubs
§B _1(a+b)cosa)U 1b’+ba+a’ . _1(a+b)UQl
I §1 2 gna)? 3 gna)? 2 2 sn(@)
subslist

[Q=1- AC’ U=sin(a)h+cos(a)a, V=(1- AC) (sin(a) h+cos(a) a)]

H Simplification of the Torque Combinations
[ L et's check the commonality between the two torque combinations.
mat( KXsin(q) + Ky cos(q), KX cos(q) - Kysin(q)) =

factormat( subs( subslist 1 mat(torquef , torquey )), collect, [ Bl’ BZ’ Cl]’ factor)
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ecos(q)K +K sm(q)u
gK Sn(q)+cos(q),< u—p|P|< sin(y ) p,, cos(f ) +cos(y ) p., +sin(y ) sin(f ) py ) (

Zcos(a)sm(a)(1+AC)( b+a)B1 (cos(a) - sin(a)) (cos(a) +sin(a)) (-b+a) 82
+sin(a)(-b+a)Cl+a2h(-1+AT))

py cos(f ) +sin(f ) p,,
sin(y ) p,,+sin(f ) py cos(y ) - cos(f ) cos(y ) p,

-<CCCCf

PO

[torque_terms::%

select(has, rhs(%), a)

2cos(a)sin(a)(1+AC) (-b+a) Bl- (cos(a) - sin(a)) (cos(a) +sin(a)) (-b+a) 82
+sin(a)(-b+a)Cl+a2h(-1+AT)

L := location( %%, %)

L L:=[2,4]
subs( Csubs, Bsubs, s.Jbinstl, %%)
, 8 (a+b)cosfa)U 1b’+ba+a’?
2cos(a)sm(a)(1+AC)(-b+a)§5 - 1
sin(a) sn(a)” @
1 (cos(a) - sin(a)) (cos(a) +sin(a)) (-b+a)(a+tb)U(1- AC)
2 sin(a)
(-b+a) e (a+b)U- ~cos(a) (P +ba+a)2(1- A)
. & 3 o .
I sn(a) ah(-1+Ap)
[bar =%
[ latex(%, "d:/dynamics/precession/torque _term_to_simplify.tex™)
Collect(%, [b- a, b+a b’ +ba+a’ U, Acl, simplify, loc)
g(-2cos(<51)2b+2acos(a)2+b-a)AC _b+a?
: + U(a+b)
sin(a) sin(a )
& ,cos(a)(-b+a)A
1 C cos(a) (- b+a)— 2
+§_ - . T an@) £(b +ba+a’)+a’h(- 1+A)
location( %, remove( has, select(has, %, U), b- a))
L [1]
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subsop(% = map( factor, op( %, %%)), %%)

(ZACcos(a)z- Ac+1)(-b+a)U(a+b)

sin(a)
aelcos(a)(-b+a)AC cos(a) (- b+a)—
+§:_3 sin(a) ~ sin(a) (b +ba+a)+ah(- 1+A7)

latex( %o, "d:/dynamics/precession/torque_term_simplified.tex")
Check:

1 [

simplify(%- bar)

subs( subslist, subsop(L = %%, torque_terms))

ecos(q)K +K Sm(q)H ®
gK sm(q)+cos(q)|< p|P|( S'”(Y)pYCOS(f)+cos(y)pz+gn(y)gn(f)px g

(2AC cos(a) - AC+ 1)(-b+a)(sin(a) h+cos(a)a) (a+b)

sin(a)
g , cos(a)(-b+a)A. cos(@) (- b+ a)— g
+§:_5 sin(a) ) sin(a) ‘(b +ba+a )+a h(- 1+AT)I

Py cos(f ) +sin(f) p, u
sin(y ) p, +sin(f) py cos(y ) - cos(f) cos(y ) pYﬁ

PO

[ torque_terms:= %

[ Thislooks good. Now define

select(has, rhs(torque _terms), y )

(-sin(y ) py, cos() + cos(y ) p, +sin(y ) sin(f ) py )
py cos(f) +sin(f) p,,

sin(y ) p, +sin(f ) py cos(y ) - cos(f) cos(y ) p,

-<CCCC*

DPDDD

select(has, %, sin(y ) pZ)

Py cos(f) +sin(f) p,, u
sin(y ) p, +sin(f ) py cos(y ) - cos(f) cos(y ) pYﬁ

PO

gsubs = [g(f, y) = remove(has, %%, sin(y ) p,,), 9,(f,y) = %1, 1 %(fhy)= %2, T
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L G(a, b, h, AC’ AT a) = select( has, remove( has, rhs(torque terms),y ), {a, P, p})]

[ Then we can write

invsubs( gsubs, remove( has, rhs(torque terms),y ))

G(a, b, h, AC’ AT a)

invsubs( gsubs, select( has, rhs(torque _terms),y ))

@(f y)u
(f.y)
%Y g (1)l

lhs(torque_terms) = % %%

eCOS(q)K +K sn(q)H &, (f.y)u
8K S|n(q)+cos(q)K u =9l y)% (f.y ”G(a b, Ao, A @)

torque_terms _subs:= %

1 [

where

mat( gsubs)

[94(f.y ) =-sin(y ) p, cos(f ) + cos(y ) p,, +sin(y ) sin(f) py ]
[9,(f.y)=py cos(f) +sin(f) py ]
[9,(f.y)=-sin(y)p,+sin(f) p, cos(y ) - cos(f) cos(y ) py ]

x

G(a,b,h,AC,AT,a)=I0|P|§

€
g€
€
e
€

(2AC cos(a)z- AC+ 1)(-b+a)(sin(a) h+cos(a)a) (a+b)

sin(a)
g qoa)(-b+a)Ac oay (- b+a)— Oﬁ
+§§ sin(a) ) sin(a) (b +ba+a )+a h(- 1+AT);H

=] Equations of Motion
subs( %q(Ihs(torque_terrns_subs)k L = evalm(rhs(torque_terms_subs) )k X k=1.2), KZ =0,

L FirstOrderODEsK)
mat( %)

D
=
oo

f=V\/f

mrnr~
=
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D (DAPMD
S —E
<

Il

&%
0
I
QE

sin(y )

(MDD D

é

e
e—W
gﬂt y

e

€

<=
e v e wnid

o v ey wnd

"

e =2l
ésn(y )&

((1- b)Wq- cos(y)(1+b)V\/f)Wy +

go(f .Y ) G(a b, h, Ac A a) gl(f Y)

gcos(y)bw2+(-1+b)WqV\lf%sin(y)+

N

u
u
u
H
u

go(f.¥) Gla b h AL AL a) gy(f.y)

go(f+¥) G(a b h, AL A a) gy (f.y) cosly)

q%: ((cos(y )2 b +L W+ (-1+b) cos(y ) W ) W

T 1T

where

mat( gsubs)

€
g€
€
e
€

FirstOrderODEs := %

Xy

[9,(f,y) =Py cos(f) +sin(f ) p, ]

x

G(a,b,h,AC,AT,a)=I0|P|§

u
U
u
H
u

[94(f.y ) =-sin(y ) p, cos(f ) + cos(y ) p,, +sin(y ) sin(f) py ]

[9,(f.y)=-sin(y)p,+sin(f) p, cos(y) - cos(f) cos(y ) py ]

(2AC cos(a)z- AC+ 1)(-b+a)(sin(a) h+cos(a)a) (a+b)

& 1 cos(a) (-b+a) AC

sin(a)

~cos(a) (-b+a)?

+ B-
3

( latex( FirstOrder ODEs, "d:/dynamics/precession/FirstOrderODEs.tex");

sin(a)

sin(a)
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L L L latex( mat( gsubs), "d:/dynamics/precession/gsubs.tex™)
=] Fast Spin Approximation

[ The equations of motion are

egs =

subs( op(select(has, gsubs, y )), G(a, b, h, AC, AT a) =G, [ seq(FirstOrderODEs 1 k=4.6)])

k!
mat( %)
e

Cainiv) B w O
ésn(y)gﬂtwf 5 (1~ bYW, - cos(y ) (1+b) W) W,

<

(-Sin(y ) p, cos(f ) +cos(y ) p., +sin(y ) Sn(f ) p, ) G (p, cos(f ) +sin(f ) p,)

I
Xy

+

CICCCC

é‘”w iy bW2+ 1+bWWg' +(
B W, = Boos(y ) bW, "+ (- 1+ b) W, W, Zsin(y )

(-sin(y ) p,,cos(f ) +cos(y ) p, +sin(y ) sin(f ) p,,) G

: : u
(-sin(y ) p, +Sin(f ) py coy) - cos(f) os(y )p,)) /1, f

§sin(y)aaT—W 0 ((cos(y )2 b+ 1) W, +(-1+b) cos(y ) W) W
g g‘ﬂt qg f a 'y

N

(-sin(y ) p cos(f ) +cos(y ) p, +sin(y ) Sn(f ) p, ) G (py cos(f ) +sin(f ) p, ) cos(y )

) |
i Xy

For purposes of substitution, which well use in amoment, divide by sin(y ) where
| appropriate.
sclectghas, g, W, 3
coghes o5 5 W
L :=location( egs, op(%))

- op(%%) 0
subsopgYs = , egst
P& = " dnty) 5

& 1 0
sel ectghas, %, — W =
Mt de

L := location( %%, op( %))

& op(%%) o]
subsopg%: - , Y0%%=
sin(y) @

odesubs := %
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mat( %)

&y &
éﬂwf =§((1- b)Wq- COS(y)(1+b)VVf)Wy
(-sin(y ) p, cos(f ) + cos(y ) p,, +sin(y ) sin(f ) py) G (py cos(f) +sin(f)p)o 1
+ ! $/sin(y )y
Xy p u
gﬁwy—SCOS(Y) V\/]c +(-1+ )WqV\/l‘BS'n(y)+

(-sin(y ) p,, cos(f ) +cos(y ) p, +sin(y ) sin(f ) p,,) G

(-sin(y ) p, +sin(f ) py cos(y ) - cosf) costy )py) /1, B

e

_ 2
Wq—g((cos(y) b+1)V\/]c +(-1+b)cos(y)Wq)Wy

72"

(074
—*

Al

(-sin(y ) py cos(f ) + cos(y ) p, +sin(y ) sin(f ) p,.) G (p, cos(f ) +sin(f ) p, ) cos(y ) ¢
- z/

'y p

sin( )ﬁ
Yy
u

[ Differentiate the equations of motion.

map( diff, egs, t)

egs2 =%

mat( %)

e 2 0
0 -

Scosy ) oy oW, £+ siny ) ?—zwf i

8 t” geft it P

© & G gy T 8 _ I
g(l-b)g‘"thE’+S|n(y)g‘ﬂtyE’(1+b)V\l]c Cos(y)(l+b)gﬂtV\/1‘E;E;Wy

o 0 o & 0
#((1- D)W, - cos(y ) (1+b) W) E- W %+ EE”costy ) E- v Zp, cos(()
sin(y )y sin(f) §r f 2+ sinty ) § v 20, +costy) By Ban) py

. & 6 b | 0 2
+S'n(Y)COS(f)gﬁfEPXEG(PXCOS(stm(f)pY)E/ 8

(-sin(y ) p, cos(f ) +cos(y ) p., + sin(y ) sin(f ) p,,) G
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& & .0 ('5 H
gp sm(f)g'”tfﬂ+cos(f)g‘”tfgpY /Ixyé

gﬁw Iy el 0bW2+2 bW, W + 1+b WQW
gﬂtz y—g-sm(y)gﬂtyg ; cos(y ) g k2 (- )gﬂt a5

aee

2
+(-1+b)W g‘ﬂt f;gSln(Y)JfSCOS(Y)be +(- 1+b)W COS(Y)gﬂtngfgg

-COS(y)gﬁyngCOS(f ) +sin(y)stin(f)gﬁf ; sin(y)gﬁygpz
+cos<y)gﬁy§sn<f)px+sn(y)cos(f)gﬁf§pxgs
(-sin(y ) p_, +sin(f) p, cos(y) - cos(f) cos(y ) )Q/I +ae
y)p, p, cos(y DLWV
| o % o o
(-sin(y ) py cos(f) + cos(y ) p, +sin(y ) Sin(f ) p, ) G§-coy ) € v 2P,
+cos(f) g £p, cos(y ) - sin(f) pxsnw)gﬁy%snmgﬁf Zcos(y ) py
o b o U
+cos<f)sn<y)gﬁy5p@/ i

il 0 aaﬂz ? U= !
Cos(y)gﬂt ﬂg‘ﬂt CF S'”(y)g ézg 009(3/)bsm(y)gﬂyavvlc

(DA

2 ool 0 NS ol 00
+(cos(y) b+1) gﬂtvvfg- (-1+b)sn(y)gﬂty+w +(-1+b)cos(y)g‘”thE’Wy

+(<cos(y)2b+1)vvf+(-1+b)cos(y)wq)gﬂt 3 G- s(y)gﬂyngcoqf)
+s:n(y)st:n(f)§f :. sn(y)?ﬁy%pzwos(y)gﬁygsn(f)px

) & .0 0 _ ) -
#sin(y ) cos(f) ¢ f b, #G (py cos(f) +sin(f) p,) cos(y )2 / Ly &

(-sin(y ) py cos( ) + cos(y ) p,, +Sn(y ) Sn(1 ) p, ) G
gpxsn(f)gﬁf%+cos(f)gﬁf%pY%cos(y)%/ |Xy+§e
(sin(y ) py cos(f ) + cos(y ) p,, +Sn(y ) Sn(f ) p,)) G (P, Cos(f ) +sin(f ) py ) sin(y )
U
u
/I i
X
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Substitute for % Wq, % va , and % Wy using the original equations of motion. Then, assume

Wq islarge and the pressure terms (i.e., G(a, b, h, AC' AT a)) aresmall. We find the resulting
| second-order differential equations,

subsODEs := proc(ode, odesubs)
local g, Lq, u, Lu, egn;
egn := copy(ode);
if not (isdiff(eqn) and 1 < difforder(egn)) then for qin egn do
Lq :=location(egn, q);
if isdiff(q) and difforder(q) = 1 then g := subs( odesubs, q)
elif 1 < nops(q) and not isdiff(u) then g := procname( g, odesubs)
fi;
eqn := subsop(Lq = g, eqn)
od
fi;
eval(eqn)
L end

[ Check:
for ii to 3 do factor( subs( odesubs, rhs( eqszii )) - subsODES(rhs( equii ), odesubs)) od

0
0
0

subsODES( eqgs2, odesubs)
2l 1 0
b~y =W ,—f =W,, %=
by =W g F =V ¥

convert( expansion( %, [Wy : V\/f , G], 1), diff)

Collect(%, [ G], factor)
egs2 = invsubs( [ op( gsubs), Ihs(op(select( has, gsubs, G))) = G], %)

mat( %)
g W 5
(-1+b)quO(f,y)gz(f,y)G(a,b,h,AC,AT,a) > 2 H
- -(-1+b)"W_ sn(y)W. U
| q fy
Xy u
g.ﬂz (-1+b)quO(f,y)G(a, b, h,AC,AT,a)gl(f,y) , 2 H
g oW = | S (LYW W
et Xy u
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g 2 9 2
Esin(y ) § S W, = (- 1+b)° cosly ) W, " sin(y ) W

4 1 9%
+( 1+b)cos(y )W go(f y)G(a b h Al Ana) gt y)ﬁ
| g
L Xy a
."2
SinceWOI islarge, we may also assume its rate of changeis small, hence—W_=0. Thefirst
it

consequence of thisisthat the angular velocity of the inclination, Wy , exhibits simple
| harmonic motion: the solution of

eE‘ﬂZ 0 2 (1- b)go(f,y)G(a,b,h,AC,A_I_,a)gl(f,y)Wq

W (L D)WW | =0

[ isjust

collect(subs(w:wq,gO:go(f,y),gl=gl(f,y),
= = fd 0]
dsolve(wbS(Wq w,g,(f,y)=9;,94(f,y) =9, /o),Wy)),[_Cl,_CZ],factor)

W =
y

go(f.¥) Gla b h AL AL a) gy(f.y)
W_(-1+b)I
q Xy

+_Clsin((-1+b)th) +_C2cos((-1+Db) th)

which is simple harmonic motion with asmall linear driftiny (t). The second consequence
2
stems from either the first or the third equation (both say the same thing). Setting T Wq =0

1t

places a constraint on the value of the longitudinal motion — i.e., the precession rate. We
| then have

subs( select( has, gsubs, g), isolate( rhs( eq523), V\/f ))
precession rate:= %

W, =- ((-sin(y ) p,, cos(f ) +cos(y ) p,,+sin(y ) sin(f ) p, ) G(a, b, h, AL, A, a)

(~sin(y ) p., +sin(f ) p, cos(y ) - Cos(f)cos(y)pY))/((-1+b)WqIXysin(y))

To make this expression alittle bit clearer, further assume that the pressure is mainly along
the Z axis— that is, that Py and p, ae small. Then this expression becomes

é 1 1 o]
CoIIectéexpanson(% [px ], 1), gG(a, b, h, AC’ AT a), p,| P|, W I_ -1+Db, pzﬁ factor;
é Xy [}
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(cos(y ) - sin(y ) (cos(y ) +sin(y )) (- py, cos(f ) + py sin(f)) p, O

aoe
W :Eécos(y)pz ] sin(y) 5

5
G(a,b,h AL AL a)%/ ((-1+b) |waq)

Thus, we have aweak phase dependence on the non-axial pressure components. For the
purely axial case P, = 1, we have

subs(pZ:-l, pX:O, pY:O, %)

cos(y ) G(a, b, h, AC, AT a)
W =
f (-1+b)I_ W
Xy (q

Finally, the precession for aflat disk of uniform albedo, a =%, AC =A, and AT =A is

7 e *& & p 000
factorgeval gsubsggsubs, a= E AC =A AT = A, %=

_costy ) p|Plhb* (-1+A)
f (-1+b)W_I
q Xy

2
Let'slook at the precession period Tf = Wp as afunction of cone angle and albedo. For a
f
| pressure field along the Z axis, we have

subs(p_, =- 1, p, = 0, p,, =0, precession_rate)
2
T, =—b
f " rhs(%)

precession period := %

-1+b)I_ W
p( MW

Tg =2 cos(y ) G(a b,h, AL A a)
H 3D Plot of Precession Period

subs( select( has, gsubs, G), precession_period)

e 2p 0
=inclin,|P|=P, A=A =AT, I =Ixy,W_ = hs(%) =
sub%y inclin,| P|=P, o =AC AL=AT, ry = YV Tspin’r S( 0)Ia

optimize( %, tryhard)
L Tphi := makeproc([ %], parameters=[a, a b, h, AC, AT, inclin, Tspin, b, Ixy, P])
Tmin :=-100.0
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Tmax :=100.0
ACmin:=.7
ACmax := .95
Ncontours := 30
(ii - 1.0) (Tmax- Tmin) .

e o ou
Clevels:= Tmin + ,1i =1 .. Ncontours=
gsqu Ncontours- 1.0 QIH

ConCoalors :=[yellow, yellow]

alphamin := 84

alphamax := 92

ConPos := Tmin

L orient :=[40, 60]

® (-6)
&Tphi(a deg, 1, 3, 1, AC, .8, 45 deg, 2 3600, .1, 200.0, 4.5 10 )
surfplot := pIothS 3600.0 :

AC = ACmin .. ACmax, a = alphamin .. alphamax, grid = [ 60, 60], style = patchcontour,
0

contours = Clevel sg

x -6
&Tphi(a deg, 1, 3, 1, AC, .8, 45 deg, 2 3600, .1, 200.0, 4.5 10( ))

ontourpl ot& 3600.0 ’
AC = ACmin .. ACmax, a = alphamin .. alphamax, grid = [ 40, 40], contours = Clevels,
0

conplot := pIotsC

coloring = ConColors, filled = true, view = Tmin .. Tmax%ﬂ

plot_xform:= pIottooIst m( (%, ¥) ® [%,y, ConPos])

ransfor

disp :=plots displ ay({ surfplot, plot_xform(conplot)}, view = Tmin .. Tmax, projection = .9,

orientation = orient, labels=["AC", "apha’, T],
L title ="Precession Period vs. Cone Angle and Albedo" )

disp
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Precession Period vs. Cone Angle and Albedo

100

0.8
0.85AC

0.9

plotsetup(gif, plotoutput = "d:/dynamics/precession/PrecessionPeriod.gif",
plotoptions = "width=1800,height=1800")

disp
| plotsetup(default)
=l Precession Null

H Numerical

[ We can determine the approximate angles a at which the precession is zero. From
precession_rate

W, =- ((~sin(y ) p,, cos(f ) +cos(y ) p,,+sin(y ) sin(f ) p, ) G(a, b, h, AL, A, a)

(~sin(y ) p., +sin(f ) p, cos(y ) - Cos(f)cos(y)pY))/((-1+b)WqI sin(y )

we see that for va =0 we must have G(a, b, h, AC’ AT a) =0. Hence, werequire
rhs(op(select(has, gsubs, G)))
p|P| )
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(2AC cos(a)z- AC+ 1)(-b+a)(sin(a) h+cos(a)a) (a+b)

sin(a)

g oos@bra Ao soga)(-b+a)? 5 2,, .2
+§_§ sin(a) ~ sin(a) 5P rbaran+ah(-1+A;)=0

[ latex( %, "d:/dynamics/precession/PrecessionNul | Eg.tex™)
ﬂ Plots

[ Here are plots of this function:

I NullEq :=fn(Ihs(%), a, a, b, h, AC’ AT)
plot([ O, 'NullEq'(a deg, 1, 3, 1, .9, .8)], a =40 .. 120)
plot([ O, 'NullEq'(a deg, 1, 3,1, .9, .8)],a =87.5.. 89)
20
10
0
=101
=207
40 5 60 70 80 90 100 110 120
alpha
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0.4

0.2

-0.2

-0.4+

876 878 88 882 884 886 888 89
i alpha

[ The zero crossing, for this particular set of parameters, occurs at

a =fsolve('NullEq'(a deg, 1, 3, 1, .9, .8), a, 80 .. 90)

L a = 88.24000978

[ Hereisaplot of zero-crossing angle as afunction of h.

[ Null :=proc(a, b, h, AC, AT) fsolve( NullEq(a*deg, a, b, h, AC, AT), a, 30 .. 150) end
( plot(‘Null'(1, 3, h, .9, .8),h=.5.. 3, labels=["h", "apha"], thickness = 2)
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89-
88
87
alpha

86

85

84

06 08 1 12 14 16 e 2 22 24 26 28 3

plotsetup( gif, plotoutput = "d:/dynamics/precession/Null Angles.gif",
plotoptions = "width=1000,height=1000")

plot('Null'(1, 3, h, .9, .8), h="5.. 3, labds=["h", "apha’])

L plotsetup( default)
_N:=100
_pts:=aray(l.. N,1..2)
for kto_Ndo _h ::(k_-|\|1_+01)_§'5+ .5; J)tsk1 1 = _h; J)'[Sk, 5 =Null(1, 3, _h,.9,.8)
od

| writedata( "d:/dynamics/precession/NullAngles.dat”, pts)

L LL-
ﬂ Analytic

The exact solutions of the zero-precession equation are arctangents of sixth-order
polynomials — not a pretty sight. Let usinstead try an iterative approach. We see

that there is at minimum one useful solution, near a :%. Try asolution of the form

a =% X e+X, e2 Xy e3. Plugging into the equation, we find

Collect(NullEg(a, a, b, h, AC, AT) sin(a), [b+a, - a+b], factor, loc)
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(2ACcos(a)2- A.+1) (-b+a)(sin(a) h+cos(a) a) (a+b) +§cos(a) b3AC

3 1 3 3 .2, . 2,
+cos(a)b™ - 3cos(a)a AC- cos(a)a - a hsin(a)+a hsm(a)AT

collect(%, [sin, cos, h, A

C] , factor)

(2A(-b+a)h(a+b) cos(a)2+(-AC(-b+a)(a+b)- b2+a2A_|_) h) sin(a)
+2AC(-b+a)a(a+b)cos(a)3
+ae} b+a)(b+2a)’A.- b2 (-b+ g
- cFaeoranrza’ag o Coragoa
subs(cos(a)=c,sin(a) =4/ 1- cz,%)
isolate(%, A/ 1- ¢2)

1-c¢c =

3

e 2 2 0
-2AC(-b+a)a(a+b)c - g (-b+a)(b+2a) AC- b (-b+a)5c

+a2AT)h

Wl

2AC(-b+a)h(a+b)02+(-AC(-b+a)(a+b)- b?

map(x ® x2, %)
denom(rhs(%)) (Ihs(%) - numer(rhs(%))) =0

2
2,2 2 2 2 2 2 2

2 2
9h (-2ACC b +2ACa C +ACb -ACa -b™+a AT) 1-c

20
2 2 2 2 2 2 2 2, I_
-c (-bta) (GACa C +6ACac b- ACb - 4ACba- 4ACa - 3b7) o

0

o)
collect(%, [ c, h, AC’ AT], factor)

4 e
-1296 (-b+a)* (a+ b)4a2AC h2c1°+g

4
432a(b%+7ba+7a%) (a+ b)3(-b+a)4AC

36
+(-1296a" (-b+a)° (a+ b)3AT+ 1296b%a(2a- b) (-b+a)> (a+b)d) A=

- 4
h208+g-36(b4+20b3a+93b2a2+146a3b+73a4)(a+b)2('b+a)4AC +(
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216a° (2b° + 11ba+11a%) (a+ b)2(-b+a)3A_|_

3 &
- 21602 (-b>- 7b2a+11ba2+21a3)(a+b)2(-b+a)3)AC +§

_3242° (-b+a)’(a+ b)ZAT2+648b2a3(3a- 2b) (-b+a) (a+ b)2AT

4 2

_ 36 (5407 8% 54b5a+1+9b6)(-b+a)2(a+b)2% —h2

06+g
4
36(b2+7ba+7a2)(a+b)2(b+2a)2(-b+a)4AC +(
-36a2(a+b)(b2+10ba+10a2)(b+2a)2(-b+a)3AT
3 2.2 3 4 3, , 3

®
+36b2(a+b)(-5b4- 19b a+27b"a +113a " b+73a’)(-b+a) )AC +S

108a° (-b+a)2 (b+2a)% (a+h) AT2

-216b2a2(a+b)(-b3-5b2a+4ba2+11a3)(-b+a)2AT
6O 2 e
+36(a+h)(63a°b7 +3a2b°- 42ab6+2a+3b7+2b)(-b+a)23AC +§

2
3243° (-b+a)’b? (a+ b) A,

- 36a%(a+h)(-b+a)(27ba%- 36b°a+1+9b° )AL

+36b%(-b+a)(a+b)(18b%a- 27b5a+1+9b) =A_ —h g

_9(-b+a)*(a+ b)2(b+2a)4AC4+(18a2(-b+a)3(a+ b)(b+2a)4A_|_

2 3 &
- 18b (a+b)(-2b +4ba+7a )(b+2a) (-b+a) )A +g

2
-9a4(-b+a)2(b+2a)4AT

+18b2a2(-5b2+4ba+10a2)(b+2a)2(-b+a)2A_|_
i 9(73b4a4+80b5a3- 30b6a2+5a2- 40b" a+10ba- 268 +5b%) (-b+a)?

—A +g 5427 (-b+a)2 b (b+2a)° AT

+542%(-b+a)(11a5b7- 3a%b°+a- 9ab®+b’ +b) AL
o]
- 54b%(-b+a)(7acbt- 3a%h° +a- 6abl+2b’ +b)2A

g C
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5

2
- 9a4(1+9b6- 18b a+9b4a2)A_|_

5
+18b7a”(1+9b°- 18b°a+9ba”) A_- 9b* (1+9b°- 18b5a+9b4a2)3h2

2 & 2 2,2
C +29(-b+a) (a+hb) AC

+ 2 2 4. 2 2.2
(-18a (-b+a)(a+b)AT+18b (-b+a)(a+b))AC+9a AT - 18b™a AT
+opieh2-0

L [

2

2

2

& _Pp 2 3 0
subsga:5+xle+x2e +x3e , NUullEq(a, a, b, h, AC’AT)B

expansion(%, e, 3)

NUllEgX := %

aael A b+ & h & 1,322
ge(1- Ac) (Cbralfx X h-fg-5% 585

+(4ACx2x1(-b+a)- (AC- 1)(-b+a) x2x1)h

anA 2 b+ 1A 1 b+ 20 9 +b
g cXq (- a)-2( c” ) (- a)x1 Bxlaa(a )

B S by A B tox 2 bra) (Pt batad) e+
Ea8%3 13X P AC TR Xy E(-bra)i ara)ze +Eg

1-A)(-b+a)E 2x, h- x, al
( - C)(_ +a)g- 2X1 _Xzaa

® 2 1 20 0
+§2A.x," (-b+a)- ~(A.- 1) (-b+a)x, zhZ(a+b)

+a§ b+a)A_+ b+ 9b2+b+292+
ggxz(- a) c x2(- a)a( a a)ae

S od 0 2 2,9
g-(l- AC)(-b+a)x1a(a+b)+g3x1(-b+a)AC+xl(-b+a)5(b +ba+a )E

e+ (1- AC)(-b+a)h(a+b)+a2h(-1+AT)

Collect(isolate(subs(e> = 0, €2 = 0, e = 1, %), x,). [, b], factor)
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Iocationé% selectéhas

subsop( %% =
Null_x1:=%

X1=

®e®
g-g—1+2x

((1- AL) b2+a2(AC- AN

g1
& 3%

4 A baoo

0.5

[1,1]

collect(op(%, %%), [ AC] , factor)

%, %%%)

2

4 3

19b3A1b+—A
- 13b°- (A.- 1)ab+2a

3 C

((1- AL) b2+a2(AC- A

4 3

el 0
g—A-lb-(A-l)ab+ a A
3 7} 3

2

C

collect(lsolate(wbs(e =0,e =1,e=0, NullEgX), X ) [h, A ] factor)

29 b+ +b) A +b2 2 Qh
1 plPra)(@arb) A +bm- a Ag

subs(Null_x1, %)

1 2 2
:—3(-b+a)(b+2a) AC+b (-b+a)

((1- A )b2+a2(AC- AD) h?

Null x2:=%
X, =@gg-g1+2
2 aze 1
& 3
00
+b2-a2 Th

.."...| aafs
4+l

%)

N

A

C

® 3 e 3
CoIIectglsolate(subs(e =1, e=0, NullEgX), x3), gh, X1
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-1b-(A -1)ab +3a

Aie
Cg g

(b+a)(a+b)A

B B B B B e B

%)

2 s .
: gz(-b+a)(b+2a)"A +b"(-b+a)=

A l:If [ 9
Cﬁ actor, océj



X, (-b-+a) (a+b) ALX A (-b+a)(a+b)+b2-a2AT

Cc1

-4 +
é(-b+a)(b+2a)2AC+b2(-b+a) N b+a) (b+2a) A +b%(-b+a)T

b b l4ba+14 A 1b b+a)=x
-b+a) (- + a a - - a)Ex
gg( )( ) C 3 ( )ﬂl

h+
1 2 2
5(-b+a)(b+2a) AC+b (-b+a)

subs(Null_x1, Null_x2, %)

Null x3:=%
x oee
x3: -4
& 2 2 , 2
((1- AL b +a’ (AL~ A)) h : ,
-&-1+2 - (- b+a)(a+b)A +b
2l 1983 (A nari+d3a Pi
SZA - 1%b°- -1)ab“+-a A T +
§ 30 150 - (Ac- Dabr+za Az 4

i aZATth(-b+a)(a+ b) A< ((1- AL) b2+a2(AC- AD)

o

/'

Q.“_.'..'..'..'..'..l.o;

sk 2 2 @
g—(-b+a)(b+2a) AC+b (-b+a)$

e 1 2 4 3 00

g SAC- 12 12p°- (Ao~ Dab’+Za A =

A (-b+a)(a+b)+b2-a2AT I

+ _h+§
—( b+a)(b+2a)° A +02 (- b+a)

& pra)bP+1aba+14a)A - b2 (-b+a)s
& c 3 5
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O
AH =~ (-b+a) (b+2a)’ Ao +02 (- b+a)—
/EE

243 aBo
gg A-lb-(A-l)ab+ a’A T =
3 3 Coo

((1- AL b +a” (A A_I_))

latex( Null_x1, "d:/dynamics/precession/PrecessionNull_x1.tex™)
latex( Null_x2, "d:/dynamics/precession/PrecessionNull_x2.tex")
L latex(Null_x3, "d:/dynamics/precession/PrecessionNull_x3.tex")

[ Hence, we have, to second order, the result

a= % + rhs(Null_x1) + rhs(Null_x2) + rhs(Null_x3)

2. .2
L ((1- AL b"+a" (A.- AD))h
a:§p+ael 0 3 2 4 3 ¥
& 3Ac 1Eb - (Ag- Dab”+a A
& 2, 2 2 2 9
((1- AL b +a" (AL~ AD) h H ,
-g-1+2 - — (- b+a)(a+b)A +b
Ll %3 (A nandeila Pl
g 3¢ 150 (A 32 ch 5
0 ¢ @ g
-a AT hz / g— b+a)(b+2a) A +b (- b+a) + &-
& 2,2 2 9
((1- AL)b"+a (AC-AT)) h 1 ,
-g-1+2 - (- b+a)(a+b)A +b
el %3 A a2 l8a Pi
-—A_-1%b"- -1)a a I 4
g 3C g ( C ) 3 Cog o
5

i aZATth(-b+a)(a+ b) A< ((1- AL) b2+a2(AC- AD)

2

-

Q.“_.l..'..'..'..'..l.o;

Sk 2 2 @
g—(-b+a)(b+2a) AC+b (-b+a)$

gl 49 b A 1 2234 2
- - - a a =
gg 3 C ( ) 3 Cop
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AC(-b+a)(a+b)+b2- aZAT

ool -] -]-O:

e
+ h+§
L b+a)(b+2a)2A +b2(-b+a)i
3 C )

& (-b+a)(-b2+14ba+14ad) A - b2 (-b+a)s
§ (ora)(- a+142)) A~ b7 (-b+a)

2 .2 3 39 gz 2 2 0
((1-AC)b +a (AC-AT)) h E/ ggg(-b+a)(b+2a) AC+b (-b+a)3

%E?EA 123 (A nap22B3a PO
| 3C g C 3 Cog o
ApproxNull ;= fnaarhs( %), a, b hA_, A_I_2
L deg C Tg
I Null(1,3,1,.9,.8)
L 88.24000978
I evalf(ApproxNull(1, 3,1, .9, .8))
L 84.72164585
L L L Ll
=l save/restart
[ save "d:/dynamics/precession/precession.m"
I restart
aias(l =1)
alias(y =y (1), a=a(t), =1 (1), W, =W(1), W =W (1), W, =W(t), W =W, (1), W =W (1)
Wq =Wq(t))

read "d:/dynamics/precession/precession.m”

Id, fn, det, size, rows, cols, transpose, inverse, augment, stack, extend, grad, curl, div, laplacian, angle,

I intparts,y, g, f, Wx’ Wy’ Wz’ V\/]c , Wy : Wq

-
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